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Introduction and preliminaries
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Topological complexity of a space X, TC(X), is introduced by M. Farber
which is seen as the sectional category, secat(Ax), of the diagonal map
Ax: X = X x X.Iff: X — Y is acontinuous map, secat(f) is the smallest
integer m for which there are m + 1 local homotopy sections s; : U; — Y for f
whose sources form an open covering of X. Later, Y. Rudyak generalizes
Farber’s concept and introduces that of higher topological complexity, TCx(X)
(n > 2), which turns out to be the sectional category secat(A%) of the
n-diagonal A% : X — X".
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Determining TC,(X) is as difficult as it is in the case of
Lusternik-Scnirelmann category cat; s(X) = secat(x — X), however thanks
to rational homotopy theory methods, it is possible to establish better
approximation of this latter, namely cat; s(Xo) < cat s(X) with X, denoting the
rationalization X, of X.

Then, J. Carrasquel used the characterization a la Félix-Halperin to give an
explicit definition of the higher topological complexity TC,(Xo) that turns out
to lower TCx(X) (cf. Definition 4.1 below), and he also introduced higher
(rational) homology (resp. module) topological complexity HTCx(X), (resp.
MTC,(X)) and showed that they interpolate zcl,(X) := nilkerH* (A%) and
TCn(X).
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We are interested in the study of the invariant HTC,(X) when X is a
Gorenstein space. Gorenstein spaces were introduced to provide new
characterizations of spaces that satisfy Poincaré duality . They give so much
interest to the invariant

EXtcx(x;K)(K, C* (X, ]K))7

where K is a field.

Inspired by Carrasquel’s characterizations we introduce Ext-versions of the
topological complexities mentioned earlier.

First we shall recall some definitions and properties used throughout this
work.
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A differential graded algebra (A, d) (dga for short) is a graded algebra A
together with a linear map d : A — A of degree |d| = +1 that is a derivation :
d(ab) = d(a)b + (—1)@ad(b), and satisfying d o d = 0.

A morphism of dga f : (A, d) — (B, d) is a linear map of degree zero
satisfying f(aa') = f(a)f(a’), and the compatibility with the differential d :
f(da) = d(f(a)).

A dga algebra A is said to be augmented if it is endowed with a morphism
e : A— K of graded algebras.
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A differential graded algebra (A, d) (dga for short) is a graded algebra A
together with a linear map d : A — A of degree |d| = +1 that is a derivation :
d(ab) = d(a)b + (—1)@ad(b), and satisfying d o d = 0.

A morphism of dga f : (A, d) — (B, d) is a linear map of degree zero
satisfying f(aa') = f(a)f(a’), and the compatibility with the differential d :
f(da) = d(f(a)).

A dga algebra A is said to be augmented if it is endowed with a morphism
e : A— K of graded algebras.

A (left) graded (A, d) module is a graded module M equipped with a linear
map A® M — M, a® m — am of degree zero such that a(bm) = (ab)m and
1m = m, and a differential d satisfying
d(am) = (da)m + (—1)'a(dm), me M, ac A.

A morphism of (left) graded modules over a dga (A, d) is a morphism
f:(M,d) — (N, d) compatible with the differential : d o f = fo d.

A left (A, d)-module (M, d) is said semi-free if it is the union of an
increasing sequence M(0) ¢ M(1) c M(2)--- C M(n) C --- of sub
(A, d)-modules such that M(0) and each M(i)/M(i — 1) is A-free on a basis
of cycles.
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A semi-free resolution of an (A, d)-module (M, d) is an (A, d)-semi-free
module (P, d) together with a quasi-isomorphism m: (P,d) = (M,d) of
(A, d)-modules.
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A semi-free resolution of an (A, d)-module (M, d) is an (A, d)-semi-free
module (P, d) together with a quasi-isomorphism m: (P,d) = (M,d) of
(A, d)-modules.

Particularly, let (P,d) = (Q,0) be an (A, d)-semi-free resolution of
(Q,0). This defines the graded (A, d)-module

Homa((P, d), (A, d)) = @ Hom* (P, d), (A, d)) = €D €D Homa(P', A'*),

p>0 p>0 i>0
which, endowed with the differential
D(fy=dof—(—1)’fod; fe Hom}*((P,d),(Ad)),
yields the Eilenberg-Moore Ext functor :

Extina)(K, (A, d)) = H* (Homa((P, d), (A, d)), D).
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A semi-free resolution of an (A, d)-module (M, d) is an (A, d)-semi-free
module (P, d) together with a quasi-isomorphism m: (P,d) = (M,d) of
(A, d)-modules.

Particularly, let (P,d) = (Q,0) be an (A, d)-semi-free resolution of
(Q,0). This defines the graded (A, d)-module

Homa((P, d), (A, d)) = @ Hom* (P, d), (A, d)) = €D €D Homa(P', A'*),

p>0 p>0 i>0
which, endowed with the differential
D(fy=dof—(—1)’fod; fe Hom}*((P,d),(Ad)),
yields the Eilenberg-Moore Ext functor :
Extina)(K, (A, d)) = H* (Homa((P, d), (A, d)), D).

This is an invariant up to homotopy of differential graded algebras, and if
(A, d) = (B, d) is a quasi-isomorphism of differential graded algebras, then
Extiaa) (K, (A, d)) is identified with Extg o) (K, (B, d))
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Let (P,d) = (K, 0) be a minimal (A, d)-semifree resolution of (K, 0).
Consider the chain map

Hom(Ayd)((P, d), (A, d)) — (A7 d)

given by f — f(z), where z € P is a cocycle representing 1 in K. Passing to
homology, we obtain the natural map

ev(Ayd) : gXt(Aﬁ)(K, (A, d)) — H*(A7 d),

called the evaluation map of (A, d). The definition of ev(4 ) is independent of
the choice of (P, d) and z. The evaluation map of X over K is by definition
the evaluation map of (C* (X, K), d).
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Let (P,d) = (K, 0) be a minimal (A, d)-semifree resolution of (K, 0).
Consider the chain map

Hom(Ayd)((P, d), (A, d)) — (A7 d)

given by f — f(z), where z € P is a cocycle representing 1 in K. Passing to
homology, we obtain the natural map

ev(Ayd) : gXt(Aﬁ)(K, (A, d)) — H*(A7 d),

called the evaluation map of (A, d). The definition of ev(4 ) is independent of
the choice of (P, d) and z. The evaluation map of X over K is by definition
the evaluation map of (C* (X, K), d).

A Poincaré duality algebra over K is a graded algebra H = {H"}o<x<n
such that HY = Ka and the pairing < 3,7 > a = 8y, B € H*, v ¢ HN-k
defines an isomorphism H* = Homx(HY~* K), 0 < k < N. A Poincaré
space at K is a space whose cohomology with coefficients in K is a Poincaré
duality algebra.

9/ 27
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Let (P,d) = (K, 0) be a minimal (A, d)-semifree resolution of (K, 0).
Consider the chain map

Hom(Ayd)((P, d), (A, d)) — (A7 d)

given by f — f(z), where z € P is a cocycle representing 1 in K. Passing to
homology, we obtain the natural map

ev(Ayd) : gXt(Aﬁ)(K, (A, d)) — H*(A7 d),

called the evaluation map of (A, d). The definition of ev(4 ) is independent of
the choice of (P, d) and z. The evaluation map of X over K is by definition
the evaluation map of (C* (X, K), d).

A Poincaré duality algebra over K is a graded algebra H = {H"}o<x<n
such that HY = Ko and the pairing < 8,7 > a = 8y, B € HX, v € HVN =X
defines an isomorphism H* = Homx(HY~* K), 0 < k < N. A Poincaré
space at K is a space whose cohomology with coefficients in K is a Poincaré
duality algebra.

A differential graded algebra (A, d) is called Gorenstein if the vector space
Extia,a) (K, (A, d)) has dimension one. A space X is called Gorenstein over K
if the cochain algebra C*(X;K) is a Gorenstein algebra.

For a simply connected finite CW complex, C*(X; K) is Gorenstein if and
only if H*(X;K) is a Poincare duality algebra.

9/ 27
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Let X be a simply-connected finite type CW-complex and (P, d) a semi-free

resolution of Q and (AV, d) = C*(X, Q) its minimal Sullivan model and .
Recall that a Sullivan algebra is a free cdga (AV, d), where

(AV, d) = Exterior(V°™) @ Symmetric( V")

generated by the graded K-vector space V = @;>¢V; which has a well
ordered basis {Xa},, such that dx, € AV<o (AV<o = Span{v, <a}).
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Let X be a simply-connected finite type CW-complex and (P, d) a semi-free

resolution of Q and (AV, d) = C*(X, Q) its minimal Sullivan model and .
Recall that a Sullivan algebra is a free cdga (AV, d), where

(AV, d) = Exterior(V°™) @ Symmetric( V")

generated by the graded K-vector space V = @;>¢V; which has a well
ordered basis {Xa},, such that dx, € AV<o (AV<o = Span{v, <a}).

Let A and A denote respectively Homa((P, d), (A, d)) and Extav(Q, AV).
Letf,g: P— SinA,

f-9:=pex(f®g): Poav P— AV
x@y — (=1)Ix)g(y).

x f-gisaAV-morphism.
x P ®ay Pis an (AV, d)-semifree resolution of Q.
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Extox (xx) (K, C*(X; K)) and the evaluation map
O@000

Let X be a simply-connected finite type CW-complex and (P, d) a semi-free
resolution of Q and (AV, d) = C*(X, Q) its minimal Sullivan model and .
Recall that a Sullivan algebra is a free cdga (AV, d), where

(AV, d) = Exterior(V°™) @ Symmetric( V")

generated by the graded K-vector space V = @;>¢V; which has a well
ordered basis {Xa},, such that dx, € AV<o (AV<o = Span{v, <a}).

Let A and A denote respectively Homa((P, d), (A, d)) and Extav(Q, AV).
Letf,g: P— SinA,

f-g:=puex(f®g): Pav P— AV
x@y — (=) g(y).
x f-gisaAV-morphism.
x P ®ay Pis an (AV, d)-semifree resolution of Q.
We obtain a well-defined map of vector spaces (multiplication)

pext t A®g A — A
(flelgl—[f-4a



* uext has a unit element.

Indeed, consider £ : AV ® AsV — AV the composition i o (e ® easv)
where € : AV — Q is the augmentation, and the map
0 = ldavenrsy @ epsy -

AVRASsV@AsV — AV @AsSV
TRsv®1
1®sv®sw

1®1®sv
makes the following diagram commutative :

— 1®sv;
— 0;
— 0

Q=  AV®ASV
NT / Ji

AV @ AsV @ AsV — AV.

Passing to cohomology, we get [f] - [] = [f] and similarly [£] - [f] = [f].
Henceforth, the class [¢] defines a unit element for 4.
12/ 27
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* uex has a unit element.

Indeed, consider £ : AV ® AsV — AV the composition i o (¢ ® easv)
where € : AV — Q is the augmentation, and the map

9=/d/\v®/\sv®6/\svi AVRASVRAsV — AVRAsSV

1T®sv®1 — 1®sy;
1®sv®sw — 0;
1®1®sv — 0
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* uex has a unit element.
Indeed, consider £ : AV ® AsV — AV the composition i o (¢ ® easv)
where € : AV — Q is the augmentation, and the map

9=/d/\v®/\sv®6/\5v: AVRASsV@AsV — AV @AsSV

1Tsve1 — 1®syv;
1®sv®sw — 0;
1®1Qsv — 0

makes the following diagram commutative :
Q+—=—  AV®AsV
~ f
AV @AV @ NSV ————— AV.
Passing to cohomology, we get [f] - [€] = [f] and similarly [£] - [f] = [f].

Henceforth, the class [¢] defines a unit element for 4.
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* lext IS commutative.

The diagram

Let r betheflipmapr: PRsP = PRsP;x®y — (—1)*My g x

P®sP

/ \%UIQQ#

is commutative.

P®s P T} AV

T being a quasi-isomorphism, [f] - [g] = (—1)!"19/[g] - [f] thus the
multiplication on A is commutative.

We respectively conclude that A is a homotopy commutative differential
13/ 27

graded algebra with unit and A is a graded commutative Q-algebra with unit.
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Extox (xx) (K, C*(X; K)) and the evaluation map
[e]ele] e}

x uext IS commutative.
Let r betheflipmapr: PRsP = PosP;x®y— (—1)Xy o x.
The diagram

P®s P

/ l(wuggf

,D @QS F) ““?1;4449 /\h/

is commutative.
7 being a quasi-isomorphism, [f] - [g] = (—1)!"19/[g] - [f] thus the
multiplication on A is commutative.

We respectively conclude that A is a homotopy commutative differential
graded algebra with unit and A is a graded commutative Q-algebra with unit.

13/ 27
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Finally, it is clear that the following diagram, where cev is the chain
evaluation map of (AV, d), is commutative :

ARA — A

lcev@ cev J/CEV

(AV,d)® (AV,d) 2% (AV,d)

Thus, passing to cohomology, we deduce that the evaluation map is a
morphism of graded algebra.
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Finally, it is clear that the following diagram, where cev is the chain
evaluation map of (AV, d), is commutative :

ARA — A

lcev@ cev lcev

(AV,d)® (AV,d) 2% (AV,d)

Thus, passing to cohomology, we deduce that the evaluation map is a
morphism of graded algebra.

Theorem 1.

The Q-vector space Exts a)(Q, (S, d)), endowed with pex, is a graded
commutative algebra with unit. And the evaluation map
Extiav,0)(Q, (AV, d)) — H*(X; Q) is a morphism of algebras.
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Let (A, d) be any cdga model for a space X, and 8 : (AV,d) = (A, d) its
minimal Sullivan model. The cdga morphism

1l = (1da,0,...,0): (A d)® (AV,d)*"" = (A, d)

is a special model, called an s-model, for the path fibration =, : X' — X",
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Let (A, d) be any cdga model for a space X, and 8 : (AV,d) = (A, d) its
minimal Sullivan model. The cdga morphism

1l = (1da,0,...,0): (A d)® (AV,d)*"" = (A, d)
is a special model, called an s-model, for the path fibration =, : X' — X",
definition 1.

(@) : TCh(Xo) is the least m such that the projection

om: (A® (V)P d) <A®(Av)®"1 d)

(ker ,Ug) m+1
admits an algebra retraction.

(b) : mTCn(X, Q) is the least m such that pm admits a retraction as
(A® (AV)®", d)-module.

(c) : HTCx(X, Q) is the least m such that H (pm) is injective.

(d) : nilker H* (A%, Q) is the longest non trivial product of elements of
ker H*(A%), Q).
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We have the following :

nil ker H* (A%, Q) < HTCh(X,Q) < mTCh(X, Q) < TCh (Xo) < TCh (X).
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We have the following :
nilker H* (A%, Q) < HTCs(X, Q) < mTCn(X, Q) < TCh (Xo) < TCh (X).

In a similar way, we put pan: A®" = Aand pan: A®" — A where
A = Homay((P, d), (AV,d)) and A := H(A) = Extiav,a)((P, d), (AV, d)). We
introduce & xt-version of the previous invariants :
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We have the following :
nilker H* (A%, Q) < HTCs(X, Q) < mTCn(X, Q) < TCh (Xo) < TCh (X).

In a similar way, we put pan: A®" = Aand pan: A®" — A where
A = Homay((P, d), (AV,d)) and A := H(A) = Extiav,a)((P, d), (AV, d)). We
introduce & xt-version of the previous invariants :

definition 2.

(a) : TCEX (X, Q) is the least m such that the projection

(+".9) L
m: (A, d) > | ———,

! (Ker (j1a.n)™"!
admits a homotopy retraction.

(b) : mTCE¥ (X, Q) is the least m such that T, admits a homotopy retraction
as (A, d)-module.

(c) : HTCEX(X, Q) is the least m such that H (T ) is injective.

(d) : nilker (14,0, Q) is the longest non trivial product of elements of
ker (pa,n).
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The analogous statement holds

nil ker (p.a,n, Q) < HTC5X(X, Q) < mTCE"(X, Q) < TC (Xo) -
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The analogous statement holds
nil ker (p.a,n, Q) < HTC5X(X, Q) < mTCE"(X, Q) < TC (Xo) -

The projections

(ker (a.n)) ™" (ker )™ "

induce two short exact sequences linked by chain evaluation maps

e (A% d) o [— A" G} and g (AV)E"d) — [ AV
( ) ( )

m+1 ®n I'm A®n
0 —— (ker(ua,n)) — A (ker(ta.n))™ 0
J | I
m+1 ®n Pm (Av)®n
00— (kerun)™" ——— (AV) et )T 0.

Passing to cohomology, we get two (long) exact sequences that allows the
following

’
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Theorem 2.

Let X be a 1-connected finite type CW-complex. If X is a Gorenstein space
over Q and eve=(x,q) 7 0, then HTCE(X,Q) < HTC,(X, Q) for any integer
n > 2. Furthermore, if (AV, d) is a Sullivan minimal model of X and
m = HTC:*(X,Q), then

F(1)" & (ker i)™,

HTCh(X,Q) = HTCS"(X,Q) = m & { Vz € (ker un)™', dz=0
=37 e (AV)®" | z=dZ
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Theorem 2.

Let X be a 1-connected finite type CW-complex. If X is a Gorenstein space
over Q and eve=(x,q) 7 0, then HTCE(X,Q) < HTC,(X, Q) for any integer
n > 2. Furthermore, if (AV, d) is a Sullivan minimal model of X and
m = HTC:*(X,Q), then

F(1)®" & (ker pun)™ ",
HTCh(X,Q) = HTCS"(X,Q) = m & { Vz € (ker un)™', dz=0
=37 e (AV)®" | z=dZ

Corollary.
For each of the following conditions :
(a) X is rationally elliptic,
(b) H-n(X,Z) =0, for some N, and X is a Gorenstein space over Q,

(c) X s afinite 1-connected CW-complex and its Spivak fiber Fx has finite
dimensional cohomology,

we have HTCE*(X) < HTCn(X), for any integer n > 2.
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Remark.

An equivalent definition of HTC,(X, Q) when X is a Poincaré duality space
reads as follows : It is the smallest integer m > 0 such that some cocycle w
representing the fundamental class of (AV, d)®", can be written as a product
of m elements of ker(un) (not necessarily cocycles). Similarly, for any
Gorenstein space X, HTC5¥ (X, Q) is the smallest integer m such that some
cocycle representing the fundamental class of A®”, namely Q = [f]®” where
[f] designates the generating element of A", can be written as a product of
length m of elements in ker(ua,n). Therefore, in order to determine
HTC,(X, Q) we may, using the precedent theorem, calculate
m = HTC5¥(X, Q) which is quite simpler since .A* is one dimensional, and
afterwards deal with the obstruction to have the equality.
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The Adams-Hilton model of an arbitrary CW-complex X over an arbitrary
field K is a chain algebra quasi-morphism 0x : (TV,d) = C.(QX;K) i.e.

H..(6x) is an isomorphism of graded algebras. Here V satisfies
Hi—1(V,d) =2 Hi(X;K) and d; : V — Vs the linear part of d. (TV, d) is
called a free model of X.



Applica
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The Adams-Hilton model of an arbitrary CW-complex X over an arbitrary
field K is a chain algebra quasi-morphism 6x : (TV,d) = C.(QX;K) i.e.
H..(6x) is an isomorphism of graded algebras. Here V satisfies
Hi—1(V,d) =2 Hi(X;K) and d; : V — Vs the linear part of d. (TV, d) is
called a free model of X.

Let K be a field with odd characteristic (thus containing %) and X is a
g-connected (g > 1) finite CW-complex such that dim X < g - char(K) i.e.
X € CWy(K) it has a minimal Sullivan model (AW, d). Therefore, using
properties of Ext established earlier, we obtain

Extiaw,a) (K, (AW, d)) = Extirv,a)(K, (TV, d)),

thus yields the following
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The Adams-Hilton model of an arbitrary CW-complex X over an arbitrary
field K is a chain algebra quasi-morphism 6x : (TV,d) = C.(QX;K) i.e.
H..(6x) is an isomorphism of graded algebras. Here V satisfies
Hi—1(V,d) =2 Hi(X;K) and d; : V — Vs the linear part of d. (TV, d) is
called a free model of X.

Let K be a field with odd characteristic (thus containing %) and Xis a
g-connected (g > 1) finite CW-complex such that dim X < g - char(K) i.e.
X € CWy(K) it has a minimal Sullivan model (AW, d). Therefore, using
properties of Ext established earlier, we obtain

Extiaw,a) (K, (AW, d)) = Extirv,a)(K, (TV, d)),
thus yields the following

Proposition.

Let X € CW,y(K). Then, the graded vector spaces & xtc+(x.x) (K, C*(X; K))
and Exte, ax:x) (K, C.(2X; K)) have isomorphic graded commutative algebra
structures with unit.
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Extirv,a (K, (TV, d)) is, as in the rational case, obtained in terms of the
acyclic closure of K of the form (TV ® (K & sV), §), where the differential ¢
satisfies 0s + sd = id, d being the differential of TV. That is, for any element
z@svof TV® (K@ sV), we have

S(zosv)=dzesv+ (—1)zve1 — (-1)¥z® sdv.
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Extirv,a (K, (TV, d)) is, as in the rational case, obtained in terms of the
acyclic closure of K of the form (TV ® (K & sV), §), where the differential ¢
satisfies 0s + sd = id, d being the differential of TV. That is, for any element
z@svof TV® (K@ sV), we have

S(zosv)=dzesv+ (—1)zve1 — (-1)¥z® sdv.

Notice that any element f in Homf’TV’d)((TV ® (K& sV),d),(TV,d))is
entirely determined by its image of 1 ® (K@ sV) since TV® (K@ sV)is a
left (TV, d)-module acting on the first factor. Thus we have

(D(@)(1 @ sv)=dof(1®sv)—(~1)fod(1®sv)
= df(1 ® sv) — (—=1)PWHD ) + (=1)PF(1 ® sdv).
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A straightforward argument allows the following

(@ gelm(D) < g(1®sv)=
df(1 @ sv) — (—1)PIHD (1) + (—1)Pf(1 ® sdv) for some .

(b) f € Ker(D) < df(1 @ sv) = (—1)PI"HDVE(1) — (—1)PF(1 @ sav).
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A straightforward argument allows the following

(@) geIm(D) < g(1®sv)=
df(1 ® sv) — (—1)PIVHDvE(1) + (=1)PF(1 @ sdv) for some f.
(b) fe Ker(D) < df(1®sv) = (—1)PIHFDv(1) — (=1)PF(1 ® sdv).

Using the standard convention A™P = A, for all g € Z and the equations
obtained, we calculate Ext for a space X = S U, e, q > 2, the space
where the cell e+ is attached by a map of degree r. The Adams-Hilton
model of X has the form (TV, d) where V is a K-vector space generated by a
and & with deg(a) =q—1, deg(d)=q, da=0and da = -ra.
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Notice that we have two cases since we have
H(X,Z) = Ho(X,Z) ® Hy(X,Z) 2 Z D Z]rZ
(i) If char(K) = 0 or co-prime with r, we have H*(X,K) = H°(X,K) = K.
In this case, H* (X, K) has formal dimension fd(X) = 0, thus, it is a
Poincaré duality space. Moreover, since it has finite dimensional
cohomology, it is also a Gorenstein space. Explicit calculations conclude
that Ext’ry 4(Q, (TV,d)) = Q and for i # 0, Ext{ry 4(Q, (TV, d)) = 0.
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Notice that we have two cases since we have
H (X, Z) = Ho(X,Z) ® Hy(X,Z) 2 Z D Z/rZ

(i

If char(K) = 0 or co-prime with r, we have H*(X,K) = H°(X,K) =~ K.
In this case, H* (X, K) has formal dimension fd(X) = 0, thus, it is a
Poincaré duality space. Moreover, since it has finite dimensional
cohomology, it is also a Gorenstein space. Explicit calculations conclude
that Ext’ry 4(Q, (TV,d)) = Q and for i # 0, Ext{ry 4(Q, (TV, d)) = 0.

If char(K) divides r then,
H*(X,K) = H(X,K) @ HY(X,K) @ H*'(X,K) =2 K ® K @ K. Thus,
since g > 2, X is neither a Poincaré duality space nor a Gorenstein
space. In this case, fd(X) = g + 1, so that
EXtiry o) (K, (TV,d)) = 0,Vk > g + 1.

Following the same computation process as in the first case we
recover the previous inequality, however we might have
Ext(‘T"'/’d)(K, (TV,d)) = 0 for finitely many i > —(q+ 1) (e.g. forg=7
we have €xt(7Tv,d)(K, (TV,d)) =0).
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