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Cohomological point of view

Cohomological point of view

X compact complex manifold, dim¢ X = n.

QO De Rham cohomology (depends only on the differential
structure): Vk =0,---,2n

HER(X C) = ker{d : C°(X,C) — C22,(X,C)}
’ Im {d: C,(X,C) — CX(X,C)}

with A = dd* + d*d is the Laplacian associated to the De
Rham cohomology which is self-adjoint and elliptic.
Q For every constant h € R\ {0}, let

dp:=hd+d: C°(X,C) — C%1(X,C), ke{l,---,2n}
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Cohomological point of view

the linear maps:

On: NNT*X — NT*X, u= > uPTv— fpui= > hPuPI,

pt+q=k p+q=k
are isomorphisms for h # 0 and the operators d and d, are related
by
dy = Opd0, .
Then d2 = 0 inducing the dy-cohomology
ker dp,
Hg, (X =
(X, C) Im dj

When a Hermitian metric w has been fixed on X, the formal adjoint
dp of dp w.r.t. w induces together with dj, a Laplace-type operator
in the usual way:

Ay = dhd;‘Fd;dh : CEO(X, (C) — CkOO(Xa C)7

for every k € {0,...,2n}. This h-Laplacian is elliptic (cf.
[Popl7]).



Cohomological point of view

@ X is an h-99-manifold if for every k € {0,1,...,2n} and
every k-form u € ker d, N ker d_j-1, the following exactness
conditions are equivalent:

velmdy, <= velmd -1 < velmd
<= u€lm(dyd_p-1) =1m(90).
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Cohomological point of view

Proposition [B22]

Let h € R\ {0} be an arbitrary constant. Let X be a compact
complex h-00-manifold with dim¢c X = n.

Q Every dp-cohomology class contains a d-closed representative.
Q Let k €{0,---,2n}. The following map

F: Hj (X,C) — HEp(X,C)
[e]p — {a}

is well defined. Moreover, F is an isomorphism.
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Cohomological point of view

Q Aeppli cohomology is defined, for any p, g € {0,1,--- , n},
by: B
ker 00

HY9(X,C) = ————=
At (X C) (Im 0 +Im 0)

One defines the operator
Ay = 00* 400" 4(00)*(00)+(00)(90)* +(00*)(00*)* +(09*)* (09*)

The 4th order Aeppli Laplacian is self-adjoint and elliptic. One
obtains

Co(X,C)=kerAa @ (Imd+ Im d) @ Im (99)*
ker Ay = ker 0* M ker 9* N ker (09)

Hodge isomorphism: H79(X,C) ~ ker Ay = H79(X, C).
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Cohomological point of view

Q h-Aeppli cohomology is defined, for any k =0,---,2n, as

ker dhdh—l
HE (X, C) =
halX,C) (Im dp 4 Im dj-1)

where all the vector spaces involved are subspaces of the space
C°(X,C) of smooth k-forms on X.

HiA(X,C) = € HR(X,C)
p+q=k
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Proposition

For every h € R\ {0}. Let X be a compact complex h-99-manifold
with dim¢ X = n.
Q Every dpd_,-1-cohomology class contains a dp-closed
representative.

Q The following map

G : HfA(X,C) — Hj (X,C)
[Qh,a — [,

is well defined. Furthermore G is an isomorphism.
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Metrical point of view

Metrical point of view

Let Q be a C strictly weakly positive (p, p)—form on X. Q is
called

Hai,2p—i c Ci?gp—i(x7(c) fori ¢ {0, e p— ]_} - 659 =0
d(Y0 a/?P~ 4+ Q+ Y0 al2pT) = 0 (p = SKT [B19])

(p—HS [B19])
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Metrical point of view

For every h € R\ {0},

Q w is called h-strongly Gauduchon (h-sG) metric if there
exists Q""" € C°, (X, C) such that

dy (}79”‘2’” + w4 hQ"—Z") =0.

Q Qs called hp-Hermitian symplectic (hp-HS) form if there

exist Q/2P~1 ¢ C75,-i(X,C) and Q2P—ii ¢ G i(X, C) with

i=0,---,p—1such that
p—1 p—1
dn ( >+ ) Q2P—’=’> =0.
i=0 i=0

@ X is said to be h-sG (resp. hp-HS) manifold if there exists
an h-sG metric (resp. hp-HS form) on X.
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Metrical point of view

h—sG < sG J

Vu € ker dyNker d_p-1; = h—sG
ue Imd -1 = ve Imdpd_p
= h — Gauduchon

Houda BELLITIR Classification of compact complex manifolds



Metrical point of view

X is hp —HS + p=n—1 = Xis either sG or balanced J

On the h-99-manifold, one has:

hp — HS <= p — SKT . J
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Application

Application

Let X be a complex manifold and let A be an open ball containing
the origin in C™ for some m € N*.

A holomorphic family of compact complex manifolds is a proper
holomorphic submersion 7 : X — A.

By a result of Ehresmann ([V0i07], Theorem 9.3), all the fibres

Xi = 7r_1(t), for all t € A, are C*°-diffeomorphic to a fixed C*°
manifold X. Therefore, the holomorphic family (X:)rca of compact
complex manifolds can be viewed as a single C°>° manifold X
endowed with a C* family of complex structures (J;)ien.
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Application

Main result

For every h € R\ {0} an arbitrary constant. Let m: X — A be a
holomorphic family of compact complex manifolds of dimension n
and p € {0,--- ,n}. If Xg is a p-SKT h-00-manifold, then X, is a
p-SKT h-00-manifold for every t € A, after possibly shrinking /A
about 0. )
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Application

Let (Xt)ten be a holomorphic family of compact complex
manifolds. If Xo is an hp-HS h-00-manifold for some h € R \ {0},
then X; is an hp-HS h-00-manifold for every t € A close enough to
0.

Proof Suppose that Xy is an hp-HS h-00-manifold. There exist

QP71 € Cp5, (X, C) and Q2P € G5, (X, C) for

i=0,---,p—1such that

p—1 p—1
d,Q = dp, (Z Q2P L Q4+ Z Q2P—'¥"> =0.

i=0 i=0

Q) is a dj-closed 2p-form on Xy. Then,
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Application

dQ) = —ddyu

where uis a (2p — 1)-form. The splitting of u into pure-type forms

reads:
p—1 p—1
U= Z ui,2p—i—1 + Z u2p—i—1,i‘ (1)
i=0 i=0
Applying 09 to the equation (1) implies that
p—
v Z QI 2p—i h) éui,prifl)

:0
Q+ Y0, (sz P (L= h)ouPPiH)

is a d-closed (2p)-form such that Q is its component of type (p, p).
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Application

(Q)ten: the smooth family of component of W of type (p, p) for
the complex structure J; of X;.

The forms Q; vary in a C* way with t € A for t close to 0.
Additionally, Q > 0 implies that Q; > 0 for t close to 0 (cf. [B19]).

Note by
p—1 p—1
=D WALt o
i=0 i=0

the d-closed 2p-form on X; with € is its component of type (p, p).
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Application

This_implies that Q; is a 0;0;-closed (p, p)-form on X;. The
h-00-property is deformation-open (cf. [BP18]). Consequently, X;
is an hp-HS h-00-manifold for any t close to 0.
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Application
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Thank you = )
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