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M. AQALMOUN

Objective

If X compact topological space, then the ring R = C(X,R) has the
following property : Each prime ideal is contained in a unique maximal
ideal.

A commutative ring ring R is a Gelfand ring if each prime ideal is
contained in a unique maximal ideal.

Generalization in the graded setting.

Establish some topological and algebraic characterizations of these
rings, one of which is the algebraic analogue of the Urysohn’s lemma.
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Objective and candidates

Let G be a group with identity e and R be a commutative ring with
unit.
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A G-graded ideal P of a G-graded ring R is called G-graded prime ideal
or homogeneous prime ideal of R if P# R and if whenever r and s are
homogeneous elements of R such that rse€ P, then either re P or

s€ P.The G-graded prime spectrum or homogeneous prime spectrum of
R is the set of all G-graded prime ideals of R, it is denoted by
GSpec(R).A G-graded ideal M of R is said to be G-graded maximal
ideal of R if M#R and if J is a G-graded ideal of R such that

Mc Jc R, then J=M or J=R, the set of all G-graded maximal ideals
of R is denoted by GMax(R).
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Définition
Let R be a G-graded commutative ring. We say that R is a Gelfand M- AQALMOUN
graded ring if each homogeneous prime ideal of R is contained in a

unique graded maximal ideal of R.

Zariski topology on GSpecR

Let R be a G-graded commutative ring.
If I is a graded ideal of R, the variety of / is defined by
Ve(l)={Pe GSpecR / I = P}.

e Vi(R)=9, Vg(0)= GSpecR.
o VG(I)UVG(J)Z VG(/OJ).
o NgVg(la)=Ve(Xqla)-

There exists a unique topology of GSpecR for which the closed subsets
are Vg (/) called The Zariski topology on GSpecR.

The functor GSpec

GSpec: {G — graded commutative rings} — Top, R — GSpecR; f— f~1
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Topological characterization

R is a Gelfand graded if and only if every irreducible closed variety
Vi (P) has a unique closed point. M. AQALMOUN
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V¢ (P) has a unique closed point. M. AQALMOUN
Recall that a subspace Y of a topological space X is called a retract of

X if there exists a continuous map ¢ : X — Y such that for all ye Y,

¢(y) =y, and such a map ¢ is called a retraction.

Théoréme

Let R be a G-graded commutative ring. The following statements are
equivalent.

©Q R is a Gelfand G-graded ring.
@ GMax(R) is a Zariski retract of GSpec(R).

Théoréme
Let R be a G-graded commutative ring. The following statements are
equivalent.

©Q R is a Gelfand G-graded ring.

@ For every G-graded maximal ideal M of R, {P € GSpec(R) | P< M}
is a Zariski closed subset of GSpec(R).
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exists r,r' € h(R) with rr' =0, such that r Upse M and
I’IQUMrEFrM,.
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exists r,r' € h(R) with rr' =0, such that r Upse M and
I’,QUMrEFrM,.

Corollaire

Let R be G-graded commutative ring. The following statements are
equivalent.

© R is a G-graded Gelfand ring.

Q If M# M’ € GMax(R), then xy =0 for some homogeneous elements
x,y € h(R) such that x¢ M" and y ¢ M.

y

Corollaire
If R is a G-graded Gelfand ring, then GMax(R) is Hausdorff.
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Characterization by normality

M. AQALMOUN
Recall that a topological space X is normal or Ty if, given any disjoint

closed subsets F and F’ of X, there are open neighborhoods U of F
and V of F’ that are also disjoint.
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Recall that a topological space X is normal or Ty if, given any disjoint
closed subsets F and F’ of X, there are open neighborhoods U of F
and V of F’ that are also disjoint. The next Theorem totally
characterizes Gelfand graded rings by the normality of the homogeneous
prime spectrum.

Théoréme

Let R be a G-graded commutative ring. The following statements are
equivalent.

@ R is a G-graded Gelfand ring.
@ GSpec(R) is a normal space.
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Characterization by normality

M. AQALMOUN

For a topological space X two subsets A and B are said to be separated
by a continuous function if there exists a continuous function f: X — R
such that f(x) =0 for all xe A and f(x)=1 for all xe B.
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For a topological space X two subsets A and B are said to be separated
by a continuous function if there exists a continuous function f: X — R
such that f(x) =0 for all xe A and f(x) =1 for all xe B.The Urysohn's
lemma is an interesting result in topology, it furnishes a characterization
of normality in terms of continuous function.|t states that a topological
space is normal if and only if any two disjoint closed subsets can be
separated by a continuous function.In the next result, we give an
algebraic version of the Urysohn lemma.To do, we fix some notations
and conventions. Let R be a G-graded ring and re R.
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For a topological space X two subsets A and B are said to be separated
by a continuous function if there exists a continuous function f: X — R
such that f(x) =0 for all xe A and f(x) =1 for all xe B.The Urysohn's
lemma is an interesting result in topology, it furnishes a characterization
of normality in terms of continuous function.|t states that a topological
space is normal if and only if any two disjoint closed subsets can be
separated by a continuous function.In the next result, we give an
algebraic version of the Urysohn lemma.To do, we fix some notations
and conventions. Let R be a G-graded ring and re R. If P is a
homogeneous prime ideal of R the canonical image of r in Rp is
denoted r(P). Note that r(P)=0 if and only if ra=0 for some

a€e h(R)\ P.Two subsets F and F' of GSpec(R) are said to be separated
by a regular function if there exists r € R such that r(P)=0 for all Pe F
and r(P) =1 for all Pe F'.Any such element r is called a Urysohn
regular function for F and F'.
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Let R be a G-graded commutative ring. The following statements are
equivalent.

© R is a Gelfand graded ring.

© If a€ Re, then there exists elements b,c € Re such that

(1-ba)(1-ca')=0

where a' =1 - a.
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@ Any two disjoint closed subsets of GSpec(R) can be separated by a

regular function.
v

Théoréme

Let R be a G-graded commutative ring. The following statements are
equivalent.

© R is a Gelfand graded ring.

© If a€ Re, then there exists elements b,c € Re such that
(1-ba)(1-ca')=0

where a' =1 - a.

Corollaire

Let R be a G-graded commutative ring. Then R is a Gelfand graded
ring if and only if Re is a Gelfand ring.

il = = = YO
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