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Abstract 

The Hilali Conjecture (also known as conjecture H) [5] predicts that for any 
rationally elliptic and simply connected topological space X we always have 

( )( ) ( ).;dimdim QQ XHX ∗
∗ ⊗π   

The goal of the present paper is to prove the Hilali conjecture for the topological 
spaces with odd homotopy groups satisfying some conditions, over the last years 
many works have tried to solve this conjecture in particular cases, e.g., [1], [4], 
[7], [8]. 
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1. Introduction 

Let X be a simply connected topological space, X is called rationally 

elliptic if ( )( ) ∞<⊗π∗ QXdim  and ( ( )) .;dim ∞<∗ QXH  

Conjecture H (Topological version). Let X be a rationally elliptic 

and simply connected topological space, then ( )( ) ( ( ;dimdim XHX ∗
∗ ⊗π Q  

)).Q  

By the theory of minimal models of Sullivan [2], the rational 
homotopy type of X is encoded in a differential algebra ( )dA,  called the 

minimal model of X. This is a free graded algebra ,VA Λ=  generated by 

a graded vector space ,2
k

k VV =  and with decomposable differential, 

i.e., ( ) ,: 12 +Λ→ kk VVd   it satisfies: 

( )( )

( ) ( )





=Λ

⊗π=

.,,

,

Q

Q

XHdVH

XV

kk

k
k

 

A well detailed chapter about Sullivan minimal models is contained in 
([2], pp. 138-160). X is rationally elliptic if and only if ( )dV ,Λ  is rationally 

elliptic. 

Because of the correspondence between simply connected topological 
spaces and their minimal models the Hilali conjecture has an algebraic 
version: 

Conjecture H (Algebraic version). If ( )dV ,Λ  is a Sullivan 

minimal model of a rationally elliptic and simply connected topological 

space X, then ( ) .dim,dim VdVH Λ∗  

The Hilali conjecture was formulated in 1990 [5] by Hilali who proved 
the case of rationally elliptic spaces of pure type, many other works ([1], 
[4], [5], [6], [7], [8]) proved the conjecture for several kind of topological 
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spaces: H-spaces, nilmanifolds, symplectic and cosymplectic manifolds, 
coformal spaces with only odd-degree generators, 2-stage spaces, formal 
and coformal spaces and for hyperelliptic spaces. 

In the present paper, we start in Section 2 by recalling the Sullivan 
minimal models which are used in this work, in Section 3 we establish 

the main result: ( ) ,,dim ndVH Λ∗  where ( )naaV ,,1 "Q=  and ia  

are odd numbers satisfying ( )( ) ii dQad =2  with ( ),,, 11 −Λ∈ ii aaQ "  our 

proof is based on a recurrence on dim V. And finally in Section 4 we give 
an example to illustrating our theorem. 

2. Sullivan Minimal Models 

We recall some definitions and results about minimal models [2]. Let 
( )dA,  be a differential algebra, that is, A is a (positively) graded 

commutative algebra over the rational numbers, with a differential d 

which is a derivation, i.e., ( ) ( ) ( ) ( ) ( ),1 deg dbabdabad a ⋅−+⋅=⋅  where 

( )adeg  is the degree of a. We say that A is connected if ,0 Q=A  and 

simply-connected if moreover .01 =A  

A simply-connected differential algebra ( )dA,  is said to be minimal if: 

(1) A is free as an algebra, that is, A is the free algebra VΛ  over a 

graded vector space ,2
k

k VV ≥⊕=  and 

(2) For ( ) 1, +Λ∈∈ kk VdxVx  has no linear term, i.e., it lives in 

.00 VVV Λ⊂Λ⋅Λ >>  

Let ( )dA,  be a simply-connected differential algebra. A minimal 

model for ( )dA,  is a minimal algebra ( )dV ,Λ  together with a quasi-

isomorphism ( ) ( )dAdV ,,: →Λρ  (that is, a map of differential algebras 

such that ( ) ( )dAHdVH ,,: ∗∗
∗ →Λρ  is an isomorphism). A minimal 

model for ( )dA,  exists and it is unique up to isomorphism. 
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Now consider a simply-connected CW-complex X. There is an algebra 

of piecewise polynomial rational differential forms ( ( ) )dXPL ,∗Ω  defined 

in [3]. A minimal model of X is a minimal model ( )dVX ,Λ  for ( ( ) )., dXPL
∗Ω  

We have that 

( )( )

( ) ( )





=Λ

⊗π= ∗

.,,

,

Q

Q

XHdVH

XV

kk

k
k

 

3. Main Theorem 

Let X be a rationally elliptic and simply connected topological space 
with a Sullivan minimal model ( ),, dVΛ  such that ( )naaV ,,1 "Q=  

with ia  are odd integers for all .1, nii ≤≤  

Let { }rαα ,,1 "  be a homogeneous basis of ( )( ),,,, 11 daaH n−
∗ Λ "  

for all ,1, nii ≤≤  we put ( ) iiiii APdaaaA ∈=Λ= ,,,1 "  and for all k, 

[ ].,1 kkk ω=α≤≤ r  

Then we have the following result: 

Theorem 3.1. Let X be a rationally elliptic and simply connected 
topological space with a Sullivan minimal model ( ),, dVΛ  where  

( )naaV ,,1 "Q=  with ia  are odd integers. If we have for all ,1, nii ≤≤  

( ) ,,,,1 iiiii APdaaaA ∈=Λ= "  such that [ ] 02 =iP  in ( ),1−
∗

iAH  then 

( ) .dim nAH n ∗  

Our goal is to prove that ( )( ) ndaaH n ,,,dim 1 "Λ∗  such that 

( )naaV ,,1 "Q=  with ia  odd integers and ( ) ii dQda =2  for all i, 

where ( ).,, 11 −Λ∈ ii aaQ "  
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We suppose by recurrence that ( ( ) ,1,,dim 11 −≥Λ −
∗ naaH n"  and 

let us prove that ( ( )) ,,,dim 1 naaH n ≥Λ∗ "  the case 1=n  is obvious. 

Let { }rαα ,,1 "  be a homogeneous basis of ( )( );,, 11 −
∗ Λ naaH "  we 

put ( ) [ ] raaPda nnn ≤≤ω=αΛ∈= − kkk 1,,,, 11 "  and ( ,1aAi Λ=  
) .1,, niai ≤≤"  

We have two cases: 

Case 1. [ ] 0=nP  in ( ) :1−
∗

nAH  

Let us write .nn Pda =  If [ ] 0=nP  and ,dQPn =  then we can do the 
following exchange of variables .Qaa nn −=′  In this case (( ( ),,,1 naa "Λ  

) ( )( ) ( )0,,,, 11 nn adaad ′Λ⊗Λ −"  and ( )( ) ( ( ,,, 11 aHaaH n Λ=Λ ∗∗ "  

) ., 1 nn aa ′Λ⊗−"  Therefore ( )( ) ( ).12,,dim 1 −≥Λ∗ naaH n"  

Case 2. [ ] 0≠nP  in ( )( ) :,,1 naaH "Λ∗  

Let us write nn AA →−1:ℑ  for the canonic injection and ( )1: −
∗

∗ nAHℑ  

( )nAH ∗→  the induced morphism in cohomology. 

Proposition 3.2. We have ( ) [ ],.ker 1 nn PAH −
∗

∗ =ℑ  which is the 
ideal generated by [ ].nP  

Proof. (a) One has [ ]( ) [ ] ( )[ ] ,0=ω=ω=ω∗ nnn adPPℑ  hence 

( ) [ ] .ker1 ∗−
∗ ⊂⋅ ℑnn PAH  

(b) Let ,ker ∗∈α ℑ  then 0=α  in ( )nAH ∗  so there exists ω  in 1−nA  
and a polynomial R in nA  such that dR=ω  and [ ] .α=ω  

( )

[ ]

( )











+=ω

=ω

ω=α

+=∈∃ −

.

,0

,

sothatsuch, 2
1

QPad

dQPaRAQP

n

nn  

Then ( ) ( ) .1 dQPPadP n
P

n +−+=ω  
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We also have 1−∈ω nA  then ( ) 2
2, −∈′′∃ nAQP  such that .1 QaP n ′+′=ω −  

Then 

( )
(( ) )





+−=ω

=
′+′=+−+==ω −

.1

,0
so1 1

dQPP

dP
QaPdQPPdPadR

n
Pnn

P
n  

Therefore [ ],nPω′=α  where [ ] [( ) ]PP1−=ω′  so ( ) [ ],.1 nn PAH −
∗∈α  

then ( ) [ ]..ker 1 nn PAH −
∗

∗ =ℑ   

Proposition 3.3. One has ( ) ( ).dimdim 1−
∗∗ ≥ nn AHAH  

Proof. Let us denote by {[ ]niPB ω=1  such that pi ≤≤1  and ,1 "≤ω  
}pω≤  a basis of ,ker ∗ℑ  and { [ ] }qjB jj ≤≤ρ=β= 12  a basis of one 

complementary F of ∗ℑker  in ( ).1−
∗

nAH  Let us prove that {[ niPB ω=  
] }qjpiQa jnin ≤≤≤≤βω− 1,1,  is an additively free family in 

( ).nAH ∗  Indeed, let ( ) p
p Q∈λλ ,,1 "  and ( ) q

q Q∈µµ ,,1 "  be rational 

coefficients such that [ ] [ ] .011 =ρµ+ω−ωλ ∑∑ == jj
q
jninnii

p
i QaP  Then 

( ) 2
1, −∈∃ nAQP  such that =ρµ+ωλ−ωλ ∑∑∑ === jj

q
jnii

p
innii

p
i QaP 111  

( ) ( ) ( ) ,1 dQPPadPQPad n
P

nn +−+=+  therefore 

( )







+−=ωλ−ρµ

=ωλ

∑∑
∑

==

=

.1

,

11

1

dQPPQ

dPP

n
P

nii
p

ijj
q

j

nii
p

i  

Hence 

[ ]

( ) [ ]







⋅∈βµ

=λ⇒=ωλ

−
∗

=

=

∑
∑

.

,00

11

1

FPAH

P

nnjj
q

j

inii
p

i

∩
 

Then for all ( ) ( ),0,0,,1,1 =µλ≤≤≤≤ jiqjpi  so we can conclude 

that, ( ) ( ) ( ).dimcarddim 1−
∗∗ =≥ nn AHBAH    
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Let us denote by ( ) ( )111 :ker: −−− →= nnn AAdAZ  and ( ) Im:1 =−nAB  

( ),: 11 −− → nn AAd  and let us consider the morphism 

( ) ( ),: 11 −
∗

−
∗ →φ nn AHAH  

[ ] [ ] [ ].ω=ωω nn PP6  

Lemma 3.4. One has .kerIm φ⊂φ  

Proof. Indeed if ( ),1−∈θ nAZ  then [ ]( ) [ ] ( )[ ] .02 =θ=θ=θφ nnn QdPP  

Lemma 3.5. If ,Imker φ=φ  then ( ) ( ) .1dimdim 1 +≥ −
∗∗

nn AHAH  

Proof. (a) If ,0,11 =−≤≤∀ kk dan  then ( ) ∗∗ ≥ HAH n dimdim  

( ) .2 1
1 nA n

n ≥≥ −
−  

(b) If there exists { }1,,1 −∈ nl "  such that ,0≠lda  then Bdal ∈  

( ) ,ker1 φ⊂−nA  hence there exists ∗∈λ Q  such that ,nl Pda λ=  since 

,,,1 naa ≤≤ "  therefore .nl Pda ≤  

Let [ ] ( )nnl AHaa ∗∈λ−=β  and let’s prove that the family { }β∪B  

is free in ( ).nAH ∗  

Indeed, if we suppose by contradiction that β  can be written as a 

linear composition of the form 

[ ],
111

jj

q

j
nii

p

i
nnii

p

i
QaP ρµ+ωλ−ωλ=β ∑∑∑

===
 where iλ  and jµ  are 

rational numbers, then +ωλ−ωλ=λ− ∑∑ == nii
p
innii

p
inl QaPaa 11  

,1 dQjj
q
j +ρµ∑ =

 where .nAQ ∈  

But this is impossible since the second member does not contain the 

term ,la  hence, ( ) ( ) .1dimdim 1 +≥ −
∗∗

nn AHAH   
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Lemma 3.6. If ,Imker φ≠φ  then ( ) ( ) .1dimdim 1 +≥ −
∗∗

nn AHAH  

Proof. We know by the Lemma 2.5 that B is an additively free family 

in ( ),nAH ∗  let [ ] .Im\ker φφ∈ω  

Then we have [ ]( ) .0=ωφ  

If there exists 1−∈ρ nA  such that ,ρ=ω dPn  let [ ] ( )nn AHa ∗∈ρ−ω=α  

and let us prove that { }α∪B  is an additively free family in ( ).nAH ∗  

Indeed if [ ]jj

q

j
nii

p

i
nnii

p

i
QaP ρµ+ωλ−ωλ=α ∑∑∑

=== 111
 with ji µλ ,  are 

rational numbers, then there exist ( ) 2
1, −∈ nAQP  such that =ρ−ωna  

( ) ( ) ( i
p
innjj

q
jnii

p
inii

p
in aQPadQPa λ=++ρµ+ωλ−ωλ ∑∑∑∑ ==== 1111  

) ,1 dQPPdPP njj
q
jni ++ρµ+−ω ∑ =

 we get the following equalities: 

( )

( )







ωλ+++ρµ−=ρ

−ωλ=ω

∑∑
∑

==

=

.

,

11

1

nii
p

injj
q

j

niii

QdQPP

dPP 
 

But ( )  implies that [ ] ([ ] ( [ ])),,Im 1 ii
p
i ωλφ=ωφ∈ω ∑ =

 which is a 

contradiction since [ ] .Im\ker φφ∈ω   

4. An Example 

Let V be a graded vector space with a basis { }61 ,, aa "  such that 

,,,,, 7
54

5
3

3
21 VaaVaVaa ∈∈∈  and 9

6 Va ∈  

Now we define a linear map d of degree 1 by: 

51632531421321 and,,,,0 aadaaadaaadaaadadada ======  

.42aa+  
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We have ( ) ( ),22 5435421
2

6 aaadaaaada ==  so [( ) ] 02
6 =da  in ∗H  

( )( ).,,, 61 daa "Λ  

The family [ ] [ ] [ ] [ ] [ ] [ ]{ }654321524121 ,,,,,1 aaaaaaaaaaaa  is free in 

( )( ).,,, 61 daaH "Λ∗  Therefore, ( )( ) .6,,,dim 61 ≥Λ∗ daaH "  
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