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Abstract

The Hilali Conjecture (also known as conjecture H) [5] predicts that for any

rationally elliptic and simply connected topological space X we always have

dim(n.(X) ® Q)< dim H*(X; Q).

The goal of the present paper is to prove the Hilali conjecture for the topological
spaces with odd homotopy groups satisfying some conditions, over the last years
many works have tried to solve this conjecture in particular cases, e.g., [1], [4],

(71, (8.
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1. Introduction

Let X be a simply connected topological space, X is called rationally
elliptic if dim(n,(X)® Q) < o and dim(H"(X; Q)) < .

Conjecture H (Topological version). Let X be a rationally elliptic
and simply connected topological space, then dim(m,(X)® Q)< dim(H"(X;

Q)).

By the theory of minimal models of Sullivan [2], the rational

homotopy type of X is encoded in a differential algebra (A, d) called the
minimal model of X. This is a free graded algebra A = AV, generated by

a graded vector space V = @k>2Vk, and with decomposable differential,
e, d:VF 5 (A22V)F it satisfies:

V= (m(X)® Q),
H(AV, d) = H*(X, Q).

A well detailed chapter about Sullivan minimal models is contained in
([2], pp. 138-160). X is rationally elliptic if and only if (AV, d) is rationally
elliptic.

Because of the correspondence between simply connected topological
spaces and their minimal models the Hilali conjecture has an algebraic
version:

Conjecture H (Algebraic version). If (AV,d) is a Sullivan
minimal model of a rationally elliptic and simply connected topological

space X, then dim H*(AV, d)>dim V.

The Hilali conjecture was formulated in 1990 [5] by Hilali who proved
the case of rationally elliptic spaces of pure type, many other works ([1],

[4], [5], [6], [7], [8]) proved the conjecture for several kind of topological
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spaces: H-spaces, nilmanifolds, symplectic and cosymplectic manifolds,
coformal spaces with only odd-degree generators, 2-stage spaces, formal

and coformal spaces and for hyperelliptic spaces.

In the present paper, we start in Section 2 by recalling the Sullivan
minimal models which are used in this work, in Section 3 we establish

the main result: dim H*(AV, d)>n, where V = Q(a;, ---, a,) and |a;]

are odd numbers satisfying (d(¢;))> = d@; with @; € A(ay, -+, a;_1), our

proof is based on a recurrence on dim V. And finally in Section 4 we give

an example to illustrating our theorem.
2. Sullivan Minimal Models

We recall some definitions and results about minimal models [2]. Let
(A, d) be a differential algebra, that is, A is a (positively) graded

commutative algebra over the rational numbers, with a differential d
which is a derivation, i.e., d(a-b)= (da) b+ (-1)%€@q.(db), where
deg(a) is the degree of a. We say that A is connected if A° = Q, and
simply-connected if moreover Al =o.

A simply-connected differential algebra (A, d) is said to be minimal if:

(1) A is free as an algebra, that is, A is the free algebra AV over a

graded vector space V = ®k22Vk, and

(2) For x e V¥ dx e (AV)k+1 has no linear term, i.e., it lives in
AVZO AV AV

Let (A, d) be a simply-connected differential algebra. A minimal
model for (A, d) is a minimal algebra (AV, d) together with a quasi-
isomorphism p : (AV, d) - (A, d) (that is, a map of differential algebras
such that p, : H'(AV, d) - H*(A, d) is an isomorphism). A minimal

model for (A, d) exists and it is unique up to isomorphism.
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Now consider a simply-connected CW-complex X. There is an algebra

of piecewise polynomial rational differential forms (Qpy,(X), d) defined
in [3]. A minimal model of X is a minimal model (AVy, d) for (Qp; (X), d).
We have that

Vi = (m(X)®Q),

H*(AV, d) = H'(X, Q).
3. Main Theorem

Let X be a rationally elliptic and simply connected topological space
with a Sullivan minimal model (AV, d), such that V = Q(aq, -+, a,)

with |a;| are odd integers for all 7,1 < i < n.

Let {o, -, o} be a homogeneous basis of H"(A(ay, -, a,_1), d),
forall i,1 <i <n, weput A; = Alay, -+, q;), da; = P, € A; and for all k,
1<k< r, odp = [Q)k.].

Then we have the following result:

Theorem 3.1. Let X be a rationally elliptic and simply connected

topological space with a Sullivan minimal model (AV,d), where

V = Qa, -, a,) with |a;| are odd integers. If we have for all i,1 < i < n,
A; = Aay, -+, a;), da; = P: € A;, such that [P*]=0 in H*(A;_;), then

dim H*(4,)> n.

Our goal is to prove that dim H"(A(aq, -+, a,), d)>n such that

V =Qa, -+, a,) with |g;| odd integers and (da;)? = dQ; for all i,

where @; € Alay, -+, a;_1).
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We suppose by recurrence that dim H*(A(ay, -, @,,_1) > n—1, and

let us prove that dim H”*(A(ay, ---, a,)) > n, the case n = 1 is obvious.

Let {ay, ---, a,} be a homogeneous basis of H*(A(ay, -+, a,_1)); we
put da, =P, € Alay, -+, a,_1), o = [0, ], 1<k <r and A; = A(ay,

e a;),1<i<n.
We have two cases:
Case 1. [P,] =0 in H*(A,_;):

Let us write da,, = P,. If [P,] = 0 and P, = d@, then we can do the

following exchange of variables a), = a,, — Q. In this case ((A(ay,--,a,),
d)=(Aay, -+, ay 1), d)®(Aay, 0) and  H'(Alay, -+, ay)) = H (Aay,
o, ay,_1) ® Aa),. Therefore dim H*(A(ay, -+, a,)) = 2(n - 1).

Case 2. [P,] # 0 in H*(A(ay, -+, ap)) :

Let us write & : A,,_; — A,, for the canonic injection and S, : H*(A,,_;)

— H*(A,) the induced morphism in cohomology.

Proposition 3.2. We have kerS, = H'(A,_;).[P,], which is the
ideal generated by [P, ].

Proof. (a) One has S.(0P,]) =[wP,]=[d(wa,)]=0, hence

H*(A,4)-[P,] c kerS,.

(b) Let o € ker ¥, then a = 0 in H"(A,,) so there exists ® in A, ;
and a polynomial Rin A, such that ® = dR and [0] = o.

a = [o],
AP, Q) e A2, such that R = Pa, + Q so {do = 0,
o = d(Pa, + Q).

Then o = (dP)a,, + (- 1)FIPP, + dQ.
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We also have o € A,,_; then I(P’, Q') e A,Ql_z such that ® = P'a,,_; + @".
Then

dP =0,
® = dR = dPa,, +(-1)FIPP, + dQ = P'a, | + Q' so
o = ((-1)1PP, +dQ).

Therefore o = [0'P,], where [0]=[(- 1)‘P‘P] so ae H(A,1).[P,],
then ker S, = H'(4,_;).[P,] O
Proposition 3.3. One has dim H*(4,,) > dim H*(A,,_;).

Proof. Let us denote by B = {[w;P,] suchthat 1 <i < p and |o;| <,

< |w,|} abasis of ker S, and By = {B; = [p;]/1 < j < g} abasis of one

complementary F of ker S, in H*(4,_;). Let us prove that B = {[o;P,
a, —0;Q,],B;/1<i<p 1<j<q} is an additively free family in

H*(A,). Indeed, let (A1, -+, &, ) € QP and (py, -+, p,) € Q7 be rational
coefficients such that Zleki[coiPnan - 0;Q, ]+ ?zlpj[pj] = 0. Then
AP, Q) e A2, such that ZlekimiPnan - Zil}‘i‘”iQn + zljz.:lujpj =

d(Pa, + Q) = (dP)a, + (- 1)FIPP, + dQ, therefore

p
Zi:lkiwipn = dP,

q D P
ijlufpj B 2 ,izlxi(’)iQn =(- 1)‘ ‘PPn +dQ.
Hence

ZI.D lki[wipn] =0=>A4; =0,

1=

ijlujﬁj € H*(An—l)’ [Pn]ﬂ F.

Then for all 1<i<p,1<j<gq, (%, pj)=(0,0), so we can conclude

that, dim H*(4,,) > card(B) = dim H"*(4,,_;). O
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Let us denote by Z(A,,_;) = ker(d : A,,_; - A,_;) and B(4,,_;) := Im

(d: A,; - A,_;), and let us consider the morphism
0 H'(Ay ) > H'(A, ),
[0] = [0F,] = [P,0].

Lemma 3.4. One has Im ¢ < ker ¢.

Proof. Indeed if 6 € Z(A4,,_;), then ¢(6P,]) = [0P2] = [d(6Q,)] = O.

Lemma 3.5. If ker ¢ = Im ¢, then dim H*(A,)) > dim H*(A4,,_;) + 1.

Proof. (a) If V1 <k<n-1,da; =0, then dim H*(4,) > dim H"
(A4,1) 22" > n

(b) If there exists [ € {1, -, n — 1} such that da; # 0, then da; € B

(A,_1) c ker ¢, hence there exists A € Q" such that da; = AP,, since

lag] <, -+, < |a,|, therefore |da;| < |P,|.
Let B = [a; — ra, ] € H*(4,) and let’s prove that the family B U {B}
is free in H*(A,,).

Indeed, if we suppose by contradiction that p can be written as a

linear composition of the form

p p q
B=[D %o Pa, — D hioQ, + D ujp;l, where %; and p; are
i-1 i-1 =

rational numbers, then a; —Aiq, = ZilkimiPﬂan - ZlekimiQn +
q
ijlujpj +d@Q, where @ € A,,.

But this is impossible since the second member does not contain the

term a;, hence, dim H*(4,,) > dim H*(4,,_;) + 1. O
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Lemma 3.6. If ker ¢ # Im ¢, then dim H*(A,,) > dim H*(A4,,_1) + 1.

Proof. We know by the Lemma 2.5 that B is an additively free family

in H*(4,,), let [o] € ker ¢ \ Im ¢.
Then we have ¢([o]) = 0.

If there exists p € A,_; such that oP, = dp, let a = [a,0 —p]c H*(4,,)

and let us prove that B U {a} is an additively free family in H"(4,,).

p p q
Indeed if o =[D %j0P,a, — D 4oQ, + Y up;] with %;, u; are
i i =1

rational numbers, then there exist (P, @) A,2L_1 such that a,0 —p =
p p q
an(zizlkimipn) - ZizlkimiQn + zjzlujpj + d(anP + Q) = an(Zleki

o;P, - dP) + Zj.:lujpj + P,P + d@, we get the following equalities:

® = Zizlxicoipn — dP(%),

q p
p== (2 P+ PP+ dQ)+ D7 0i0yQ.

But (x) implies that [0] € Im ¢, ([w] = ¢(Zleki[mi])), which is a
contradiction since [o] € ker ¢ \ Im ¢. O
4. An Example

Let V be a graded vector space with a basis {ay, -+, ag} such that
ap, Qg € V3, ag € Vo, Qy, a5 € V7, and ag € I%&

Now we define a linear map d of degree 1 by:
da; = dag =0, dag = a;a9, day = aqas, das = agas, and dag = a1a;

+ agay.
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We have (dag)’ = 2aja9a4as = d(2asasas), so [(dag)*]=0 in H*

(A(al’ ) aG)’ d)

The family {[1], [a1], [az], [a1a4], [agas], [@a9a3a4a5a6]} is free in

H*(A(ay, -+, ag), d). Therefore, dim H"(A(ay, -+, ag), d) > 6.
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