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Basic Definitions

Definition (Nonsymmetric Operad)

A nonsymmetric operad X, also called operad without
permutations, is a family {X,},en of objects (sets in particular)
whose elements are called n—ary operations, together with a
distinguished element / € X; and a collection of composition
functions

Of ey - Xk X X,'1 X ... X X,'k — Xi1+...+ik

satisfying the associativity and identity axioms below. We denote
the action of the composition maps by :

e (f g, ....8k) — u(f,g1,....8k) = f o, (&1, 8k),
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Basic Definitions

(Associativity) Let n € N, and f € X,,. For each i € {1,2, ..., n},
let a; € N and g; € X,;. Then for each aj, for each
J€{L,2,...;a}, let h;j € Xy, ; for some arbitrary k;; € N. Then :

F Okt 4Kt o )oKt ot Knsan) (81 Okt gty (A1 o5 Lap)

1-18n Okp 1,....kn,ap (hn,la ceey hn,an)) = (f Oay,...,an

(815 ++:8n)) Oktookimkaosknay (M1,15 s AL ays 2.1, 05 hina,)-
(Identity) For any n € N and f € X, we have
for.1(l,....1)=f =1op(f).
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Basic Definitions

Definition (Symmetric Operad)

A symmetric operad (or just operad) is a nonsymmetric operad X
equiped with a right action of the symmetric group S, on each X,
satisfies the following equivariance axioms

(Equivariance 1) Let n € N, f € X,,, and g1 € X, ..., 80 € X,
for some arbitrary a; € N. Let 7 € S,,, and ¢ = 7~ L. Then :

(f'T) Cay,...,an (gl, ceey gn) = (foag(n,--.,ag(,,))(ga(l)v cey ga(n))'Tla

where 0 € S, and 77 € S, 4 4a,
(Equivariance 2) Let n, f and the g; and a; be as above. Let
01 € Say,...,00 € S,,. Then :

f Oay,...,an (g1-01, -'-agn-an) = (f Oay,...,an (g1> --'agn))-(ala ) Un)>

where (01, ...,0,) € S,,,....a, is the disjoint union of the o;.

n
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Basic Definitions

Example (Canonical Operad)

Let X be a set. For each n € N, define Endx(n) = Hom(X", X),
for n, f, g;, and a; as in the definition of an operad, we define :

foa,...an (81, 8n) = f(&1, -, &),
where (g1, ...,gn) represents the function given by :
(Xl, ceey iy oees Xip 4. +in F7 f(gl(Xl, ac0g X,'l), ...,gn(X,'n_l_H_, "'7an))'

If 7€ Sy, we define (x1, ..., Xn) +> F(Xg(1)s s Xo(n)), Where
o=r1"1

Endx is a symmetric operad.
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Algebras over operads

Algebra over an operad

Definition (Morphism of Nonsymmetric Operads)

Let (X,0,/) and (Y,o,J) be a nonsymmetric operads. Then a
morphism of nonsymmetric operads F : X — Y is a family of
functions {F,, : X, = Y, }nen that satisfy the following :

(i) Fi(l) = J. That is, F preserves the identity,

(ii) For n, f, g, and a; as in the definition of an operad,

Fayt..+a,(foay,. a,(815 -, 8n)) = Fn(f)o;h...,a,,(Fal (81); -+ Fan(gn))-

Hicham YAMOUL Introduction to Operad Theory



Algebras over operads

Algebra over an operad

Definition (Morphism of Symmetric Operads)

Let X and Y be symmetric operads with group actions . and x
respectively. Then a morphism of operads F : X — Y is a
morphism of nonsymmetric operads that additionally satisfies :
(iii) Forany n € N, f € X,,, and 7 € S,,, we have

Fo(f.1) = Fa(f) x .
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Algebras over operads

Algebra over an operad

Definition (Algebra over an Operad)

Let X be an operad. An algebra over X, also called X-algebra, is a
morphism of operads F : X — Endp for some set O. This may
either be a morphism of nonsymmetric or symmetric operads,
depending on the type of X.

Definition (Morphism of Algebras over an Operad)

Let X be an operad, and let F: X — Endp and G : Y — Endp be
two X-algebras. A morphism of algebras M : F — G is a function
M : O — P such that for all f € X, and w1, ...,w, € O, the
following equivariance property holds :

M([F()|(w1, ... wn)) = [G(F)](M(w1), M(w2), ..., M(wp)).
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Algebras over operads

Quotient Operads

Let R be a unital commutative ring and we denote M := Modg

Definition (Operadic ldeals)

Let X be a symmetric operad over M. Let {Y}},en be a family of
object in M such that Y, is a graded submodule of X, for all

n € N, and each Y, is Sp-invariant with respect to the symmetric
action from X. If for any f, g1, ..., g, € X, where at least one of
those elements in some Y, we have f o, . 5 (&1,-..8n) € Y.
Then Y is called an operadic ideal of X.
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Algebras over operads

Quotient Operads

Definition (Quotient Operad)

Let Y be an operadic ideal of X. Define the quotient operad X/Y
as follows : set (X/Y), = X,/ Y, for each n € N, where this
represents a quotient of graded modules. We designate / + Y7 as
the identity, where [ is the identity of X, and define the
composition map by :

(f + Yn) a2, (81 + Yar, s 80 + Ya,) =

(f Cay,...,an (81,--,8n)) + Yart..ta,

We define a symmetric action on X/Y by :

(f+ Yp).o=(fo)+ Y, foralloc €S,
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Algebras over operads

Quotient Operads

Theorem (Quotient Operads are Operads)
The quotient operad X /Y defined above is an operad

Theorem

Let X and Y be M-operads, and F : X — Y a morphism of
operads. Then the kernel of F, defined as

kern(F) :={f € X,| F(f) =0 € Y,}, is an operadic ideal.
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Algebras over operads

Differential graded modules

In the category dg-Modg, we consider a sequence {M,, dy}n>1 of
dg-modules such that each M, is equipped with an action of S,
we rewrite the previous definition of an operad in the case of
dg-Mod, as follows :

(f,g1,-,8n) €E My @ My, ® ... @ M, — f(g1, .-, 8n) € Miy1.. +ip-
We have a map of dg-modules. Therefore, it must also satisfy the
derivation relation

]

d(f(g1,...,gn)) = d(f)(g1,...,8n) + e(g1y ..., dgks -, 8n)
k=1

where ¢ = (—1)IfI*+leil+ gl for each k.
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Algebras over operads

Differential graded modules

If A € dg-Modg, an algebra over the operad O is an object wich
has the operations described by . Consider the map

w: O(n) ® A®" — A satisfying the usual associativity and
equivariance axioms, we denote the image of (f, x1, ..., x,) under
the map by f(xi,...,x,) and |f(x1, ..., xp)| = |x1| + ... + [Xa].
The structure maps are maps of dg modules and satisfy a
derivation relation :

]

(F(x1y..yXn))

Il
Q.
—~
-
~
—
=
2
~
_|._

E(X1y ves OXky oeny Xn)

Theorem
Let (A,0) be a dga over the operad (O, d). Then the homology
H(A, ) is an algebra over the homology operad H(O, d).
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