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Université Hassan II de Casablanca
Algebraic Topology Moroccan Research Group

Talk UIR, January 5, 2019

Hicham YAMOUL Introduction to Operad Theory



Basic Definitions
Algebras over operads

Homotopy Theories of Algebras over Operads
References

Contents

Basic Definitions

Algebras over operads

Homotopy Theories of Algebras over Operads

References

Hicham YAMOUL Introduction to Operad Theory



Basic Definitions
Algebras over operads

Homotopy Theories of Algebras over Operads
References

Definition (Nonsymmetric Operad)

A nonsymmetric operad X , also called operad without
permutations, is a family {Xn}n∈N of objects (sets in particular)
whose elements are called n−ary operations, together with a
distinguished element I ∈ X1 and a collection of composition
functions

◦i1,...,ik : Xk × Xi1 × ...× Xik → Xi1+...+ik

satisfying the associativity and identity axioms below. We denote
the action of the composition maps by :

µ : (f , g1, ..., gk) 7→ µ(f , g1, ..., gk) = f ◦i1,...,ik (g1, ..., gk),
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(Associativity) Let n ∈ N, and f ∈ Xn. For each i ∈ {1, 2, ..., n},
let ai ∈ N and gi ∈ Xai . Then for each ai , for each
j ∈ {1, 2, ..., ai}, let hi ,j ∈ Xki,j for some arbitrary ki ,j ∈ N. Then :

f ◦(k1,1+...+k1,a1 ),...,(kn,1+...+kn,an )
(g1 ◦k1,1,...,k1,a1 (h1,1, ..., h1,a1)

,...,gn ◦kn,1,...,kn,an (hn,1, ..., hn,an)) = (f ◦a1,...,an
(g1, ..., gn)) ◦k1,1,...,k1,n,k2,1,...,kn,an (h1,1, ..., h1,a1 , h2,1, ..., hn,an).
(Identity) For any n ∈ N and f ∈ Xn, we have
f ◦1,...,1 (I , ..., I ) = f = I ◦n (f ).
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Definition (Symmetric Operad)

A symmetric operad (or just operad) is a nonsymmetric operad X
equiped with a right action of the symmetric group Sn on each Xn

satisfies the following equivariance axioms
(Equivariance 1) Let n ∈ N, f ∈ Xn, and g1 ∈ Xa1 , ..., gn ∈ Xan

for some arbitrary ai ∈ N. Let τ ∈ Sn, and σ = τ−1. Then :

(f .τ) ◦a1,...,an (g1, ..., gn) = (f ◦aσ(1),...,aσ(n))(gσ(1), ..., gσ(n)).τ
′,

where σ ∈ Sn, and τ ′ ∈ Sa1+...+an

(Equivariance 2) Let n, f and the gi and ai be as above. Let
σ1 ∈ Sa1 , ..., σn ∈ San . Then :

f ◦a1,...,an (g1.σ1, ..., gn.σn) = (f ◦a1,...,an (g1, ..., gn)).(σ1, ..., σn),

where (σ1, ..., σn) ∈ Sa1,...,an is the disjoint union of the σi .
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Example (Canonical Operad)

Let X be a set. For each n ∈ N, define EndX (n) = Hom(X n,X ),
for n, f , gi , and ai as in the definition of an operad, we define :

f ◦a1,...,an (g1, ..., gn) = f (g1, ..., gn),

where f (g1, ..., gn) represents the function given by :

(x1, ..., xi1 , ..., xi1+...+in 7→ f (g1(x1, ..., xi1), ..., gn(xin−1+1, ..., xin)).

If τ ∈ Sn, we define (x1, ..., xn) 7→ f (xσ(1), ..., xσ(n)), where
σ = τ−1.
EndX is a symmetric operad.
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Algebra over an operad

Definition (Morphism of Nonsymmetric Operads)

Let (X , ◦, I ) and (Y , ◦′, J) be a nonsymmetric operads. Then a
morphism of nonsymmetric operads F : X → Y is a family of
functions {Fn : Xn → Yn}n∈N that satisfy the following :
(i) F1(I ) = J. That is, F preserves the identity,
(ii) For n, f , gi , and ai as in the definition of an operad,

Fa1+...+an(f ◦a1,...,an(g1, ..., gn)) = Fn(f )◦′a1,...,an(Fa1(g1), ...,Fan(gn)).

Hicham YAMOUL Introduction to Operad Theory



Basic Definitions
Algebras over operads

Homotopy Theories of Algebras over Operads
References

Algebra over an operad

Definition (Morphism of Symmetric Operads)

Let X and Y be symmetric operads with group actions . and ∗
respectively. Then a morphism of operads F : X → Y is a
morphism of nonsymmetric operads that additionally satisfies :
(iii) For any n ∈ N, f ∈ Xn, and τ ∈ Sn, we have

Fn(f .τ) = Fn(f ) ∗ τ.
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Algebra over an operad

Definition (Algebra over an Operad)

Let X be an operad. An algebra over X , also called X -algebra, is a
morphism of operads F : X → EndO for some set O. This may
either be a morphism of nonsymmetric or symmetric operads,
depending on the type of X .

Definition (Morphism of Algebras over an Operad)

Let X be an operad, and let F : X → EndO and G : Y → EndP be
two X -algebras. A morphism of algebras M : F → G is a function
M : O → P such that for all f ∈ Xn and ω1, ..., ωn ∈ O, the
following equivariance property holds :

M([F (f )](ω1, ..., ωn)) = [G (f )](M(ω1),M(ω2), ...,M(ωn)).
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Quotient Operads

Let R be a unital commutative ring and we denote M := ModR

Definition (Operadic Ideals)

Let X be a symmetric operad over M. Let {Yn}n∈N be a family of
object in M such that Yn is a graded submodule of Xn for all
n ∈ N, and each Yn is Sn-invariant with respect to the symmetric
action from X . If for any f , g1, ..., gn ∈ X , where at least one of
those elements in some Y , we have f ◦a1,...,an (g1, ..., gn) ∈ Y .
Then Y is called an operadic ideal of X .
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Quotient Operads

Definition (Quotient Operad)

Let Y be an operadic ideal of X . Define the quotient operad X/Y
as follows : set (X/Y )n = Xn/Yn for each n ∈ N, where this
represents a quotient of graded modules. We designate I + Y1 as
the identity, where I is the identity of X , and define the
composition map by :
(f + Yn) ◦a1,...,an (g1 + Ya1 , ..., gn + Yan) =
(f ◦a1,...,an (g1, ..., gn)) + Ya1+...+an .

We define a symmetric action on X/Y by :
(f + Yn).σ = (f .σ) + Yn for all σ ∈ Sn.
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Quotient Operads

Theorem (Quotient Operads are Operads)

The quotient operad X/Y defined above is an operad

Theorem
Let X and Y be M-operads, and F : X → Y a morphism of
operads. Then the kernel of F , defined as
kern(F ) := {f ∈ Xn|F (f ) = 0 ∈ Yn}, is an operadic ideal.
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Differential graded modules

In the category dg-ModR , we consider a sequence {Mn, dn}n≥1 of
dg-modules such that each Mn is equipped with an action of Sn,
we rewrite the previous definition of an operad in the case of
dg-Mod, as follows :
(f , g1, ..., gn) ∈ Mn ⊗Mi1 ⊗ ...⊗Min 7→ f (g1, ..., gn) ∈ Mi1+...+in .
We have a map of dg-modules. Therefore, it must also satisfy the
derivation relation

d(f (g1, ..., gn)) = d(f )(g1, ..., gn) +
n∑

k=1

ε(g1, ..., dgk , ..., gn)

where ε = (−1)|f |+|g1|+...+|gk−1| for each k.
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Differential graded modules

If A ∈ dg-ModR , an algebra over the operad O is an object wich
has the operations described by O. Consider the map
µ : O(n)⊗ A⊗n → A satisfying the usual associativity and
equivariance axioms, we denote the image of (f , x1, ..., xn) under
the map by f (x1, ..., xn) and |f (x1, ..., xn)| = |x1|+ ...+ |xn|.
The structure maps are maps of dg modules and satisfy a
derivation relation :

δ(f (x1, ..., xn)) = d(f )(x1, ..., xn) +
n∑

k=1

ε(x1, ..., δxk , ..., xn)

Theorem
Let (A, δ) be a dga over the operad (O, d). Then the homology
H(A, δ) is an algebra over the homology operad H(O, d).
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