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Abstract

In this paper, we present some new properties for harmonic maps be-
tween generalized warped product manifolds.

Introduction

Consider a smooth map ¢ : (M, g) — (N", h) between two Rie-
mannian manifolds. The energy functional of ¢ is defined by

B¢) =3 [ laoPdv,B(0) = [ el@idu, (1)

(or over any compact subset K C M), where e(¢) = %\dgb\Q, denote
the energy density of ¢.
A map is called harmonic if it is a critical point of the energy functional

E(¢) (or E(K) for all compact subsets K C M), the Euler-Lagrange
equation associated to (1.1) is

T(¢) = TryVde (0.2)

7(¢) is called the tension field of ¢. For any smooth variation ¢ of
¢ with ¢g = ¢ and V = ddiit |1—0,we have

ZE00) limo= = [ hi(r(@).V)dv, 03)

Then,we have

7(¢) = TrgVde =0 (0.4)

One can refer to [PB], [2], [4], [5] and [9] for background on harmonic
maps.

Part 1 : Some results on generalized warped

product manifolds

Part 2 : Harmonic maps on generalized
warped product manifolds

In this section, we give the definition and some geometric properties of
generalized warped product manifolds.

Definition 1 Let (M, g) and (N", h) be two riemannian man-
ifolds, and f : M x N — R be a smooth positive function. The
generalized warped metric on M X ¢ N is defined by

Gy=m"g+(f)n"h (0.5)

where ™ : (x,y) € M X N -2z € M andn : (v,y) € M x N —
y € N are the canonical projections. For all X,Y € T(M x N),
we have

Gr(X,Y) = g(dn(X),dn(Y) + (f)*h(dn(X),dn(Y))

and we denote by :

(X ey Y)Z — G (Z, Y)X — G (Z, X)Y (0.6)

Proposition 2 Let (M™,g) and (N",h) be two Riemannian
manifolds. If V denote the Leuvi-Civita connection on (M X f
N,Gy), then for all X1,Y1 € H(M) and Xo,Y5 € H(N) whe have :

VxY = VxY + X(In £)(0,Y5) + Y(In £)(0, X5) (0.7)
—%h(X% Yo)(gradysf, %gmdeQ)

where X = (X1, X3), Y = (¥, Y3) and VxV = (V¥ Y1, VY v?)

In the general case, the geometry of product manifolds is considered

in [7].

Proposition 3 Let (M™, g) and (N, h) be two Riemannian man-
ifolds and f: M x N — R be smooth positive function. The Ricct
curvature from generalized warped product manifolds (M x ¢ N, G r)
15 given by the following formulas :

Ric((X1,0),(Y1,0) = Ric"(X1,Y]) — ng(V)]\égradM In f

+ Xi(In f)gradysIn f, Y1)
Ric((X1,0),(0,Y2)) = —nX;(Ya(In f))
Ric((0, X2), (Y1,0)) = h(X2, grady(Y1(In f))) — nXs(Yi(In f))

~If P = N and ¥ = Idy, then e(¢)) = 5 and then the tension field of Particular cases :

¢y € N— (p(y),y) € M x N is given by
) 16 S € CXN) (ie s fla,y) = f(y)), then
7(6) = (7(¢) = Sgradas £ (2 = n)grady f)

From definition of conformal map and Proposion 4, we deduce

1

7(¢) = T(Ppr) +ndpp(gradysIn f) + 77 (ON)-

Proposition 5 Let ¢ : M — M be conformal map with dilatation It .
- c C°(M) (ie: Y) = . th
A, then the tension field of / (M) (ie: fla,y) = f(z)), then

1
F
~Letop=m:(z,y) € M xy N - x € M, then 7(7) = n.gradyIn f
and 7 is harmonic map if and only if f is constant on M,(i.e: f(z,y) =
f(y)) -

~Letdp=n:(v,y) € MxsN —y € N, then 7(n) = nf—_gzgralenf
and 7 is harmonic map if and only if f is constanton N, (i.e: f(z,y) =

f(x)), or dimN = 2.
—Let ¢ 1 (M,g9) — (P, k) be a smooth map and ¢(z,y) = ¢(x),
For more details on conformal maps, we can refer to |1}, [8]. then
Harmonicity conditions Let ¢ : (z,y) € (M x¢ N,G¢) —
¢(x,y) € (P, k) be smooth map. If we denote by

$:(M,g) — (M x ¢ M,Gy) 7(¢) = T(on) + (T(¢N)+(n—2)d¢N(gmdN1Hf))-

r — (p(x), p(r))

1s grven by

() = (2—m) (dgp(grad In A), dp(gradln )\)) — 2(0, dp(grad(ln f o )

1
—%)\2 (gfrade, Pgrade) o

T(¢) = 7(p) + n.dp(gradysIn f)

therefore, it ¢ is a conformal map with dilatation A, then
ng:qbijv\f : (Nah) — (ka)

y — oy(y) = o(z,y) 7(¢) = (2 — m)dp(gradys In X) + n.dp(gradys In f)

and ¢ is a harmonic map if and only if f =C (y))\mT_Q

and —Let ) : (N,h) — (P, k) be a smooth map and ¢(x,y) = ¥(y), then
dr = ¢y (M, g) — (P k) |
T — gbgjw(:c) = ¢(x,y) T(¢) = F(TW) +(n — 2).di(grady In f))
then for all X € H(M) ,Y € H(N) and (z,y) € M x N, we have : therefore, if ¢ is a conformal map with dilatation A, then
Proposition 6 The tension field of ¢ : (M x ¢ N,Gf) — (P, k) -
is given by : T(¢) = (nf—2 2) (d¢(gradN In f) — dy(grady In )\))

and ¢ is a harmonic map if and only if f = C'(x).\ or dimN = 2.
(@) = T(dar) + nddp(grady n f)

" %{wm+<n—2>d¢N<gmlenf>}. (0.9)

Ric((0, X), (0,Y3)) = Ric™ (X5, Ys) + (2 — n)h(VY grady In f, Ys)
+ (2= n) [A(X2,Y2) | grady In f |2
— Xo(In f)h(grady In f,Y5)]
+ h(X9,Ys) [nf2 | grady;In f \2
— An(In f) = fPAp(In f)]

for all X1,Y] € H(M) and X9,Ys € H(N).
Let (M™, g),(N™, h) and (PP, {) be Riemannian manifolds of dimen-
sions m,n and p respectively, f : M x N — R be smooth positive

function, and (M x ¢ N, G ¢) be the generalized warped product man-
ifold.

Proposition 4 [f o : P — M and ¢ : P — N are reqular maps,
then the tension field of

6: (PP,0) — (M x; N,Gy)
z — (p(x), Y(x))

s given by the following relation :

7(9) = (7(2), 7)) +2(0,di(gradp(ln fo 6))  (08)

() (gradyy £, Fggrady )

Remarks :
—1If f is a constant function, then the tension field of ¢ is given by

r(6) = (7(4), 7(®))

and ¢ is harmonic map if and only if ¢ et 1) are harmonic maps.

—It P = M and ¢ = yg is constant, then the tension field of ¢ : = €
M — (p(x),y9) € M x N is given by

—It P = N and ¢ = x( is constant then the tension field of ¢ : y €
N — (z0,¥(y)) € M x N is given by

7(9) = (0,7(1)) +2(0, dip(gradyy(in f o 9))

— elu)(grady . zgrady )

—Let ¢ : (M,g) — R and ¢ : (N, h) — R are a smooth functions,
if ¢(x,y) = @(x)i(y), then

r(6) = v{ () + ndi(gradyIn f) }

Y
1+ f_{T(w) + (n — 2)dy(grady In f)}
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