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]
Introduction

§

Area of application : homological algebra and algebraic topology,

Mean Goal : Computing homology groups by taking successive
approximations

§

§

Spectral sequences are a generalization of exact sequences
~~ First introduction : Jean Leray in 1946
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]
Motivation

§

§

Jean Leray, faced with the problem of computing sheaf
cohomology, introduced a computational technique now known as
the Leray spectral sequence.

The relation involved an infinite process.

Leray found that the cohomology groups of the pushforward
formed a natural chain complex, so that he could take the
cohomology of the cohomology.

This was still not the cohomology of the original sheaf, but it was
one step closer in a sense. The cohomology of the cohomology
again formed a chain complex, and its cohomology formed a chain
complex, and so on.

The limit of this infinite process was essentially the same as the
cohomology groups of the original sheatf.
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N
Usefulness

~+ Spectral sequences were found in diverse situations, and they
gave intricate relationships among homology and cohomology
groups coming from geometric situations such as fibrations and
from algebraic situations involving derived functors.

~+  While their theoretical importance has decreased since the
introduction of derived categories, they are still the most effective
computational tool available.

~ This is true even when many of the terms of the spectral
sequence are incalculable.
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Defects

~ Because of the large amount of information carried in spectral
sequences, they are difficult to grasp.

~~+ This information is usually contained in a rank three lattice of
abelian groups or modules.

~+ The easiest cases to deal with are those in which the spectral
sequence eventually collapses, meaning that going out further in
the sequence produces no new information.

~+ Even when this does not happen, it is often possible to get useful
information from a spectral sequence by various tricks.
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Main hurdle

~+ The subject of spectral sequences has a reputation for being
difficult for the beginner.

~  EERAIMICEREERE - “The machinery of spectral sequences,

stemming from the algebraic work of Lyndon and Koszul, seemed
complicated and obscure to many topologists.”

~  IREMIREEENIIEY - “The subject of spectral sequences is

elementary, but the notion of the spectral sequence of a double
complex involves so many objects and indices that it seems at first
repulsive.”
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How to overcome
Timothy Y. Chow

~+ Spectral sequences have to be taught in a way that explains how
one might have come up with the definition in the first place.

~» Without an understanding of where spectral sequences come
from, one naturally finds them mysterious.

~ |If one does see where they come from, the notation should not be
a stumbling block.
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Our main goal

the ideas accessible to more than the lucky few who are able to
have the right conversation with the right expert at the right time.
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Formal definition

Fix an abelian category, such as a category of modules over a
ring. A spectral sequence is a choice of a collection of :

~+ Objects E;, called "sheets", or sometimes "pages "or
"terms",
~+ Endomorphisms d; : E, — E; satisfying d? = 0, called
"boundary maps" or "differentials"”,
~~ Isomorphisms :
Er+l = H*(Er;dr)
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General Assumptions

Throughout, we work over a field. All chain groups are
finite-dimensional, and all filtrations (explained below) have only finitely
many levels. In the “real world”, these assumptions may fail, but the
essential ideas are easier to grasp in this simpler context.
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Graded Complexes

Simple example

That is a chain complex
o o o o
oo —>Cqig —Cy —Cyg — -+

where each Cq splits into a finite direct sum

n
Ca = Cap
p=1

and where moreover the boundary map 0 respects the grading in the
sense that
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Graded Complexes
Compute the homology

This grading situation allows us to break up the computation of the
homology into smaller pieces : simply compute the homology in each

grade independently and then sum them all up to obtain the homology
of the original complex.
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Graded Complexes
Compute the homology

This grading situation allows us to break up the computation of the
homology into smaller pieces : simply compute the homology in each

grade independently and then sum them all up to obtain the homology
of the original complex.

o |Cdyip-1| 6 |Cdp-1| 0 |Cd_1p-1| 0 Hp—1(C,0)
PO H C H C H C H P f
o d+1p | o dp | o d-1p | 5 Hp(C, 9)
Cdt1,p+1 Cd p+1 Cd—1,p+1 Hp+1(C, 9)
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Filtered Complex

Frequent situation

in practice it is not always so lucky as to have a grading on our
complex, but we frequently have instead is a filtered complex. That is,
when each Cgy is equipped with a nested sequence of submodules

0:]:d,0 C]:d,l C]:d:z (@I C]:d,n =Cy
and where the boundary map respects the filtration in the sense that

The index p is called the filtration degree.
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-
Filtered Complex

Frequent situation

i) 10 10 )
0= Fd410 | C | Fd+11 | C | Fd+12 | C - C | Fd+1n = Cd41
10 10 10 10
0:]:d,0 C ]:d,l C ]:d72 cC - C ]:d,n = Cy
10 10 10 10
O0=Fg-10|C|Fd-11|C | Fd-12|C - C | Fag—1n=Cqd_1
10 10 10 10
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A naturel question

~= Is there any possible connection between the two concepts :
garded complex and filtred complex ?

~- is there a natural way to break up the homology groups of a
filtered complex into a direct sum ?
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A naturel question

The answer : IES
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-
A naturel question

The situation - surprisingly complicated
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-
A naturel question

The anlysis leads to : SpEETEl] SEaLEnEe
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-
The machinery

Write

V = U@(V/U) where V:]:d,n:Cd U:]:d,n—l
U = WoU/W) where U= F4n_1 W =F4n2
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-
The machinery

Write

V = U@(V/U) where V:]:d,n:Cd U:]:d,n—l
U = WoU/W) where U= F4n_1 W =F4n2

Put

Eé)p = fd7p/fdp_1
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-
The machinery

Write

V = U@(V/U) where V:]:d,n:Cd U:]:d,n—l
U = WoU/W) where U= F4n_1 W =F4n2

Put
Eé)p = fd7p/fdp_1
Then

n
Cq = @ Egvp
p=1
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N
The first conversion is done

The nice thing about this direct sum decomposition is that the
boundary map 0 naturally induces a map

n n
do:Cq = @Eg{p — 3 Cq_1 = @Eé{l?p
p=1 p=1

such that

dO(Ec(j),p) - Ec?fl,p
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N
The first conversion is done

0 0 0
do Ed+1,p—1 do Ed,p—l do Ed—l,p—l do

- — EO — EO — EO —
do d+1,p do d.,p do d—1p do
-— | EO — | EO — | EO —
d,p+1

d+1,p+1
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]
The first term

Let

kerdy : Eg_p — Eg_l‘p

1 . 0 _
Ed,p T Hd(Ed,p>d0)_ |md0Eé) . _>Eé)
’ +1,p P
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|
The first complication

n
~+ We might hope that @5 Hq (EJ ., do) is the homology of our
p=1
original complex.

~+ Unfortunately, this is too simple to be true.

n
~ Although @ Ha(E{ .. do) does indeed give the homology of the
p=1
associated graded complex, it may not give the homology of the
original complex.
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Analyzing a simple situation

~» The associated graded complex is so closely related to the
original complex that even if its homology isn't exactly what we
want, it ought to be a reasonably good approximation.

~~ To keep things as simple as possible, in order to see more clear,
let us begin by considering the case n = 2
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Analyzing a simple situation

Our array diagram has only two levels, which we shall call the
“upstairs” (p = 2) and “downstairs” (p = 1) levels.
d 0 d 0 d 0 d
- Egi12 — Ego — Ei_12 — -

d 0 d 0 d 0 d
% Bian % Bgao %oy Bggn %o
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Analyzing a simple situation

~~» Recall that our main goal is to find a natural way of decomposing
Hq = H(Cgq, 0) into a direct sum.

~  Write Hy = Z4 /By where Z4 is the space of cycles in Cq and By
that of boundaries

~+ Since Cy is filtered, so it is also and naturaly for Zyq and for By :

0= Zd70 C Zd71 C Zd72 = Zd

and
0 =Byg,0 CBg,1 CBg2 =By
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Analyzing a simple situation

We use the same trick of modding out by the “downstairs part” and
then direct summing with the “downstairs part” itself :

24 Za+Fda ZaNFday  Zd2+Fda Zda

He = =2 = =
Ba Ba+Fag1 BanNFg1 Bdao+Fg1 Bana
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Analyzing a simple situation

Because that the numerators and denominators in the expressions
Zgo+ Fda

d,1 , .

nd —= are precisely the cycles and boundaries in the
Ba2 + Fa1 Ba1
definition of E , can we claim that

g1 2 Zyo+ Fda g1 2 Z41
25 T+ o BEd1~=g
’ Bao + Fa1 Ba 1
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Analyzing a simple situation

The answer B

Unfortunately, in general, the answer is negative
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Analyzing a simple situation

The conclusion B

Some corrections are needed.
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Let us look “downstairs”

Recall that

kerdy : Ec?_p — Eé’il‘p

.EO 0
Imdo : E,, , — EJ

Eip = Hd(Eg{p,do) =
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]
Let us look “downstairs”

Recall that

kerdy : Eg_p — E(?fl_p

.EO 0
Imdo : E,, , — ES

Eg,p = Hd(Eg{p,do) =

~ The space of cycles in Ej , is that of cycles in EJ ;, which is Z 3
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]
Let us look “downstairs”

Recall that

kerdy : Eg_p — Egil‘p

= =) 0
Imdo - EJ,, , — E,

Edp = Ha(Eg . do)

~ The space of cycles in Ej , is that of cycles in EJ ;, which is Z 3
~+ The space of “boundaries” in Edll is the image | of the map
do : Eg+1,1 — Eg,l'
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]
Let us look “downstairs”

Recall that

kerdg : E?  — EQ
El = Hd(EO ~d0) _ d,p d-1,p
P dp Imdo : E,, , — ES

d+1,p

~ The space of cycles in Ej , is that of cycles in EJ ;, which is Z 3
~+ The space of “boundaries” in Ec}l is the image | of the map
=10 0
do:Egiq, — B o
~» However, this image | is not By 1, because that By 1, which is the

part of By that lies in Fq4 1, contains | and maybe many other
things.
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]
Let us look “downstairs”

Recall that

kerdy : Egp — E(?—l‘p

= =) 0
Imdo - EJ,, , — E,

Edp = Ha(Eg . do)

§

The space of cycles in Eg , is that of cycles in E ;, which is Z4 3

The space of “boundaries” in Ec}7l is the image | of the map

do : Ec?—l—l,l — Ec?,l-

~» However, this image | is not By 1, because that By 1, which is the
part of By that lies in Fq4 1, contains | and maybe many other
things.

~»  The map 0 may carry some elements of Cy, 1 down from

“upstairs” to “downstairs,” whereas | only captures boundaries of

elements that were already downstairs

§
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]
Let us look “downstairs”

Recall that

kerdy : Egp — E(?—l‘p

= =) 0
Imdo - EJ,, , — E,

Edp = Ha(Eg . do)

§

The space of cycles in Eg , is that of cycles in E ;, which is Z4 3

The space of “boundaries” in Ec}7l is the image | of the map

do : Ec?—l—l,l — Ec?,l-

~» However, this image | is not By 1, because that By 1, which is the
part of By that lies in Fq4 1, contains | and maybe many other
things.

~»  The map 0 may carry some elements of Cy, 1 down from

“upstairs” to “downstairs,” whereas | only captures boundaries of

elements that were already downstairs

Z4,1/Bq,1 is a quotient of E ;.
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Let us look upstairs

. ? Zgo+ F I
~» Recall our last question : E} , ~ d,2 91 and our definition

427 Byy+ Fau
kerdo : Eg , — E§_;,

- =
Imdp : Ed+l,p

Egdp = Ha(Eg ;. do)

0
— Egp
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Let us look upstairs

~» Recall our last question : Ej , ~

? Zd72 + Fd1
Ba2 + Fa.1
kerdg : E(?_p — Eg_l_p

El = H4(ES .dp)=
@ 4(Edp ) 'me:EgH.p

~+ The space of boundaries of Ec} 218 By 2+ Fd1;
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|
Let us look upstairs

? Zd72 + ]:d71

~ Recall our last question : E} , ~ ——~———= and our definition
“ Ba2+ Fdn
kerdg : EJ , — EJ_,
Edp = Ha(EJ . do) = N o
’ ’ Imdo : Eg,, — B4,

~+ The space of boundaries of Ec},Z iSBgo+ F4.1;

~+ The space of cycles is the kernel K of the map

Fd 2

=0 _ 0 _
do:Ego,=—-=—Ej_15=

Fd—12

d1 Fd-11
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Let us look upstairs

. ? Zgo+ Faa .
~» Recall our last question : E}, ~ =% === and our definition
g 427 Byy+ Fau

kerdg : EJ , — EJ_,
Edp = Ha(EJ . do) = N o
: ’ Imdy : Ed+1,p — Ed,p

~» The space of boundaries of Ec},z iSBgo+ F4.1;

~+ The space of cycles is the kernel K of the map
Fd 2

f
= 0  Jd-12
do:Ego,=—-=—Ej_15= T

d,1 d-11

~» Thus, K contains chains that 9 sends to zero but also chains that
0 sends downstairs to Fy_1 1.
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Still look upstairs

~» In contrast, the elements of Z4 » + F4 1 are more special : their
boundaries are boundaries of chains that come from 7 ;.
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Still look upstairs

~» In contrast, the elements of Z4 » + F4 1 are more special : their
boundaries are boundaries of chains that come from 7 ;.

Zyo+ Fd1

~~ Hence
Ba2 + Fd1

is a subspace of E]
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An intuitive Conclusion

The problem \

~ In the associated graded complex, we only see activity that
is confined to a single horizontal level ; everything above
and below that level is chopped off.

~- In the original complex, the boundary map 0 may carry a
things down one or more levels (it cannot carry things up
one or more levels because that 0 respects the filtration),
and one must therefore correct for this inter-level activity.
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The Emergence of Spectral Sequences

d induces a natural map, d; : Eg_, , — Eg ,, beacuse that the
boundary of any element in Eg_, , is a cycle that lies in Fq 1,
and thus it defines an element of E§ ;.
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The Emergence of Spectral Sequences

. . Z
If we mod E} , by the image of dy, then we obtain #, because
’ dz1

that the image of d; gives all the boundaries that lie in Fd 1.
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-
The Emergence of Spectral Sequences

The kernel of d; is a subspace of E], isomorphic to
Zd+1,2 + Fd41.1
Bat12 + Fd+11
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0 0

0 0
X 1 \ d;

/

Ed+1 2 E(}, Ed 1,2
\ N \ dy
Ed+l 1 EC:},l Eé_—l,l
\ \ \ dy
0 0 0
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Finaly

Put
kerdy - Eg, — Ej 3,1

EZ :=Hq(El,) =
- Prmdy cEfLy 00— Edp
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Finaly
P
" kerd; : E} — E}
E2 —H (El _ d,p d—1,p-1
dp = TR T I, < EL — E}
1-=dy1p+1 d,p

Due to claims Il and Ill we conclude that EZ , @ EF , is (finally !) the
correct homology of our original filtered complex.
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Succes stroy

’m )

~~ The sequence of terms Eg, E4, E; is the spectral sequence
of our filtered complex when n = 2.

Elis a first-order approximation of the desired homology;, a

E?2 is theoretically a second-order approximation, when
n = 2, it is not just an approximation but the true answer.

§

$
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What ifn>27?
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]
Whatifn>2?

o

Casablanca, 12 Février 2012
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