
INTERSECTION THEORY

MY ISMAIL MAMOUNI

Abstract. Let X a given manifold. Our main goal in this talk is to
define the intersection product of two sub-manifolds of X which intersect
transversally.

Further and deeper details can be found in the referent book of Fulton
([F84]) for intersection theory.

In this section, X is supposed to be a closed and oriented smooth manifold
of dimension n.

1. Cap and Cup products

1.1. Cap product. It is defined at the chain level as follows:

⌢ : ∆i(X) ⊗ ∆j(X) −→ ∆j−i(X)
α ⊗ β 7−→ α ⌢ β := (−1)i(j−i)α(β↾front i face)β↾back j−i face

and passes to (co)homology level to induce the natural pairing:

⌢ : H i(X; Z) ⊗ Hj(X, Z) −→ Hj−i(X; Z)
α ⊗ β 7−→ α ⌢ β

.

1.2. Cup product. That is the homomorphism defined in cohomology by

∪ : H i(X; Z) ⊗ Hj(X; Z) −→ H i+j(X; Z)
α ⊗ β 7−→ α ∪ β := (H∗(∆) ◦ κ)(α ⊗ β)

,

where ∆ : X −→ X × X is the diagonal map, and

κ : H i(X; Z) ⊗ Hj(X; Z) −→ H i+j(X; Z)

denotes the Künneth map.

Remark 1.1. The cup product induces on H∗(X; Z) a structure of graded
ring.

2. Duality of Poincaré

It is well known that any closed, orientable n-manifold, X satisfies the
Poincaré duality which roughly means that

H i(M ; Z) ∼= Hn−i(X; Z).
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Here on of such isomorphisms is explicitly given by:

D : H i(X; Z) −→ Hn−i(X; Z)
α 7−→ D(α) := α ⌢ [X]

,

where [Y ] denotes the homological fundamental class of any given Y , closed
and oriented smooth submanifold of X.

3. Intersection product

3.1. Transversal intersection. For an arbitrary p ∈ Y , where Y is given
oriented smooth submanifold of X, we denote by TpY the vector field of Y
at p.

Let A and B be some given oriented smooth submanifolds of X of dimen-
sions n − i and n − j. We say that A and B intersect transversely if for all
p ∈ A ∩ B, one have:

TpA ⊕ TpB = TpX.
Then A ∩ B is a submanifold of X of dimension n − (i + j), and there is a
short exact sequence

0 −→ Tp(A ∩ B) −→ Tp(A) ⊕ Tp(B) −→ Tp(X) −→ 0

which determines an orientation of A ∩ B.
Theorem 1.1 in [H11] (more details in chapter 6 ”Products and duality”,

section 11 ”Intersection theory” of Bredon’s book [B93]), which is a direct
conclusion from the definitions, says roughly that on a manifold, intersection
of submanifolds and cup product are Poincaré dual in the sense that:

[A ∩ B]∗ = [A]∗ ∪ [B]∗ ∈ H i+j(X; Z),

By [−]∗ we mean the Poincaré dual of the homological fundamental class of
the named submanifold.

3.2. Intersection product. The material detailed here above allows us to
define natural on H∗(X; Z), the so-called intersection product

. : Hn−i(X; Z) ⊗ Hn−j(X; Z) −→ Hn−(i+j)(X; Z).

For any α ⊗ β ∈ Hn−i(X; Z) ⊗ Hn−j(X; Z), we set α.β ∈ Hn−(i+j)(X; Z)
such that

D−1(α.β) := D−1(α) ∪ D−1(β).
That means that the intersection product is obtained by applying Poincaré
duality, taking the cup product, and then applying Poincaré duality again
as the following diagram explains:

Hi(X; Z) ⊗ Hj(X; Z)

D−1
×D−1

��

intersct. product // Hi+j−n(X; Z)

Hn−i(X; Z) ⊗ Hn−j(X; Z)
∪

// H2n−(i+j)(X; Z)

D

OO
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Remark 3.1. Once again Theorem 1.1 of [H11] can be used to formulate
some kind geometric interpretations. it says that ”if A and B are trans-
versely intersecting oriented submanifolds representing α and β, then

α.β = [A ∩ B].
In particular, if X is connected and if dim(A) + dim(B) = dim(X), then
α.β ∈ H0(X; Z) = Z is simply the signed number of intersection points
#(A ∩ B).

Finally, in a seek of simplification, one can shift the indices and regard
the homology as follows:

H∗(X; Z) := H∗+n(X; Z).
Then the intersection product

. : Hi(X; Z) ⊗ Hj(X; Z) −→ Hi+j(X; Z)

endows H∗(X; Z) with a structure of commutative graded algebra.
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