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SPECTRAL SEQUENCES AND CONVERGENCE

Let C be an abelian category.

Definition  (Spectral sequences): A (homologically graded) spectral sequence is a family
of objects {E}, } of C, for all p,q € Z and r > a (with a fixed a € Z), together with

. : r . r r . . r r _ :
differentials dp_-q* Enq — E p—rig+r—1 which satisfy d” o d” = 0. Furthermore we require
that there are isomorphisms

+1 . _ " 1.
En:l = H(E; ) = ker(dpg) /lm( " rarst)

By n := p 4 g we denote the fotal degree of EY .
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SPECTRAL SEQUENCES AND CONVERGENCE

The collections (E;,q) ».qez for fixed r are called the sheets or pages of the spectral sequence.
By the isomorphisms required above, we imagine that we get from one sheet to the next
one (“turing a page around”) by taking homology.
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SPECTRAL SEQUENCES AND CONVERGENCE
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SPECTRAL SEQUENCES AND CONVERGENCE
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SPECTRAL SEQUENCES AND CONVERGENCE

Definition (Convergence): Let {H,} be a family of objects of C.
We say a spectral sequence . . .

(a) ... weakly converges to H. if there exists a filtration
. w e EFP—IHR{—:FPHH ng+lHﬂ {_: ...{_: H”
for each n € Z and furthermore isomorphisms
Pra: Epy = FrHp+a[F, \H, .-
(b) ... approaches H, if it weakly converges to H, and’

H,=| JF,H, and [ |F,H,=0.

(c) ... convergesto H. if it approaches H. and H, = '1[1_111 (HRIFPHR).E

We denote convergence by E},, = H, 4.
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CONSTRUCTION OF SPECTRAL SEQUENCES

Construction 2.1 (Exact couples and their derivations): An exact couple is a pair of objects
D and E of C and morphisms i, j and k such that the diagram

D D
AN
E

is exact at each vertex. Since d := jk complies with d* = (jk)* = j(kj)k = jOk = 0 we

can apply homology by setting H(E) = ker(d)/im(d) and get the derived exact couple
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CONSTRUCTION OF SPECTRAL SEQUENCES

ili(D)

i(D) . i(D)
;;('2\)\ ﬂﬂj
H(E)

with j? (i(x)) = [j(x)] and k®)([e]) = k(e), x € D and [e] € H(E). It is an easy computa-
tion that j(?) and k(?) are well-defined and that the derived couple is exact. It suggests itself
to iterate this process and set E! := Fand E” = H(E" 1), d! := d = jkand d" := j")k(").
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CONSTRUCTION OF SPECTRAL SEQUENCES

The (r + 1)-th exact couple looks like

ilir (D)

" (D) i (D
k{r+%\ ﬂr‘-l—l}

Er—|—1

)
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CONSTRUCTION OF SPECTRAL SEQUENCES

Let C. be a complex with a filtration ..F,C, CFpCioC...CC,

such that there are integers s < t for each n with F;C,, = 0 and F;C,, = C,. (Such a filtration
is called bounded. Particularly this means F.C, = O for all k < s and F;.C,, = C, for all
k > t. We will always consider canonically bounded filtrations, i.e. s = —1 and F,C, = C,
for all n — what leads to a first quadrant spectral sequence.)
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CONSTRUCTION OF SPECTRAL SEQUENCES

We get short exact sequences

i Tp

O FpCa By T By i,

and, by applying homology, long exact secquences

J o)

i

Hassan AAYA 2014-2015 University : Hassan Il Casablanca




CONSTRUCTION OF SPECTRAL SEQUENCES

Now we can roll up those long exact sequences into an exact triangle

i

D Hp+q(FpCs) (D Hptq(FpCi)

@Hpﬂ(Ppc*/Fp—lC*)

. . .
which gives us a spectral sequence E}, .
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SOME EXAMPLES

1. Leray-Serre spectral sequence. Given a fibration F' — X — B with trivial monodromy
on the homology of the fibers, E> = H,(B; Hy(F)) and the spectral sequence abuts
to H,(X). (If there is monodromy, this still works but replacing E; = H,(B; H,(F))
with E2 = H,(B;Hy(F)), where Hy(F) is a local system on B). There is also a

cohomology version.
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SOME EXAMPLES

2. Atiyah-Hirzebruch spectral sequence. If F, is a generalized homology theory (such as
K-homology, bordism, etc.), then there is a spectral sequence with Eﬁ,q = H,(X; F,(pt))
that abuts to F,(X). There is also a generalized cohomology version.
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SOME EXAMPLES

Hodge-De Rham spectral sequence

Adams spectral sequence
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A SUIVRE...
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